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1 u(e,y) = (- In(a? +52)3




For Q c R* (d > 1), u € H' () need
not be continuous; e.g.

1 u(z,y) = (~In(2® + %)% € H(Q)




Continuity and the trace theorem in Laplace boundary value problems

Define u € H, (Q) = W,"*(Q) such that

/Vu-Vvdx:O Vv e Hy(Q)
Q

where Hy = {u € L* | Vu € L* [tru = g}
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Continuity and the trace theorem in Laplace boundary value problems

Define u € H, (Q) = W,"*(Q) such that
/Vu-Vvdx:O Vv e Hy(Q)
Q

where Hy = {u € L* | Vu € L* [tru = g}

In what sense is u solving

—-V-Vu=0 inQ,
u=g¢g 0onox,

in terms of continuity?
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Continuity and the trace theorem in Laplace boundary value problems

Define u € H, (Q) = W,"*(Q) such that

Vu-Vode=0 YoveH)Q
/Qu vdx v 0 () 552

where Hy = {u € L* | Vu € L* [tru = g}

Theorem (Trace theorem)

In what sense is  solving Assume that 2 is bounded and Lipschitz. There
exists a linear operator tr : W7 (Q) — L?(9Q)
—V-Vu=0 1inQ, such thatforl < p < co
u=g onoQ, tru = uloq, Vuer’pﬁC(Q),

in terms of continuity? trullieoo) S llullwir@ Yue WP (Q).



Codimension 1: brain membranes and the ionic landscape



From Sobolev inequalities to computational life science multiphysics (and back again)
Laughlin et al. [2023]

A fluxes across bulk-surface
boundaries reactions
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) ® nonlinear
reactions 7
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diffusion through surface
diffusion

complex geometries

Theorem (Trace theorem (H'(Q) = W12(Q)))
Assume that Q) is bounded and Lipschitz. There exists a linear operator

tr: H'(Q) — H?(0Q) C L2(9Q) such that

Vue H' NC(Q), I trull 200y S lullar@) Vue HY(Q).

tru = ulog,



Ben Belgacem et al. [2015], (lllustration courtesy of Nanna Berre)



Let u; : ©; — R and ue : Qe — R.

Diffusion separated by the interface I'

—Au; =0 in Q;
—Aue =0 in Q.

Ben Belgacem et al. [2015], (lllustration courtesy of Nanna Berre)



-

Let u; : ©; — R and ue : Qe — R.

Diffusion separated by the interface I'

—Aui EX0) in Ql
—Au. =0 in Q.

Interface conditions that allow for jumps in «

—Vu;-n; =Vaue - ne onI'
[u] = wi—ue=g onT’

Ben Belgacem et al. [2015], (lllustration courtesy of Nanna Berre)



Modelling (excitable) biological cells via geometrical cells: the dynamics of extracellular,
membrane and intracellular potentials

Intracellular and extracellular potentials w;, u.

—Au; =0 in Q;
—Aue =0 in Q.

4

Stinstra et al. [2010], Agudelo-Toro and Neef [2013], Tveito et al. [2017, 2021], ...



Modelling (excitable) biological cells via geometrical cells: the dynamics of extracellular,
membrane and intracellular potentials

Intracellular and extracellular potentials w;, u.

—Au; =0 in Q;
—Aue =0 in Q.

/ Membrane potential v defined over I":

U:[[U]]:Ui_ue

Stinstra et al. [2010], Agudelo-Toro and Neef [2013], Tveito et al. [2017, 2021], ...



Modelling (excitable) biological cells via geometrical cells: the dynamics of extracellular,
membrane and intracellular potentials

Intracellular and extracellular potentials w;, u.

—Au; =0 in Q;
—Aue =0 in Q.

/ Membrane potential v defined over I":

v=[u] =u; — ue

Conservation of current I,,,

—Vui-ni=Viue ne =Ip onTI’

Stinstra et al. [2010], Agudelo-Toro and Neef [2013], Tveito et al. [2017, 2021], ...



Modelling (excitable) biological cells via geometrical cells: the dynamics of extracellular,
membrane and intracellular potentials

Intracellular and extracellular potentials w;, u.

—Au; =0 in Q;
—Aue =0 in Q.

/ Membrane potential v defined over I":

U:[[U]]:Ui_ue

-

Conservation of current I,,,

—Vui-ni=Viue ne =Ip onTI’

NaP Na leak NMDA

i b SR

SKDR ® KA K leak® Clleak® Na/K/ATPase
pump

Molecular channels and pumps regulate interface dynamics Stinstra et al. [2010], Agudelo-Toro and Neef [2013], Tveito et al. [2017, 2021], ...



The geometry representation is key to study the role of morphology and heterogeneities
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Varying 9\a
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Tveito et al. [2017] (Simulations courtesy of Karoline Jaeger)



How to solve EMI-type equations?

(]

EMI equations for r € {i, e}
—Au, =0 in Q.

Interface condition (time step 7)

T_l[[u]] =In—f(+), Im=Vue-

Ne



How to solve EMI-type equations? EMI equations for r € {3, e}
—Au, =0 in Q.
Interface condition (time step 7)

Pl = Lo = f(0), T = Ve ne
(1

4

Recall integration by parts

(—Au,v)o = (Vu,Vo)a — (Vu-n,v)sq

where (u,v)p :/ uv.
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How to solve EMI-type equations?

(]

4

Recall integration by parts

(—Au,v)o = (Vu,Vo)a — (Vu-n,v)sq

where (u,v)p :/ uv.

D

EMI equations for r € {i, e}
—Au, =0 in Q.
Interface condition (time step 7)
T_l[[u]] =In—f(), Im=Vue ne

Eliminate I, —
single-dimensional formulation

Find u; € H' (%), ue € H'(S2.) such that

(vu€7vv€)ne - T_l([[u]L’UE)F = (f7 UE)F
(Vui, Voo, + 7 ([ul,vi)r = =(f,vi)r

forallv; € H'(Q), ve € H' (Qe)

Kuchta et al. [2021], Tveito et al. [2021]
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Single-dimensional formulations of EMI equations fail for small time steps (7 — 0)

How to solve EMI-type equations? EMI equations for r € {3, e}
—Au, =0 in Q..
Interface condition (time step 7)

T_l[[u] =In—f(), Im=Vaue ne

(]

Eliminate I, —
/' single-dimensional formulation

Find u; € H' (%), ue € H'(S2.) such that

(Vue, Voe)a, — T_l([[u]]7'U6)1‘ = (f,ve)r
Recall integration by parts (Vui, Vo), + 7 ([u], vi)r = —(f, v)r

(—Au,v)e = (Vu, Vo)o — (Vu-n,v)o0 forall v € H'(), ve € H'(Q)

where (u,v)p :/ uv.

D Kuchta et al. [2021], Tveito et al. [2021]
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How to solve EMI-type equations?

p

EMI equations for r € {i, e}
—Au, =0 in Q.

Interface condition (time step 7)

T_l[[u]] =In—f(+), Im=Vue-

Ne



How to solve EMI-type equations?

p

EMI equations for r € {i, e}
—Au, =0 in Q.
Interface condition (time step 7)

T_l[[u]] =In—f(), Im=Vue ne

Keep I, — multi-dimensional formulation

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]



How to solve EMI-type equations?

p

EMI equations for r € {i, e}
—Au, =0 in Q.
Interface condition (time step 7)

T_l[[u]] =In—f(), Im=Vue ne

Keep I, — multi-dimensional formulation

Find u; € H' (%), ue € H' (), I, € X(T')

(Vte, Voe)a, — (Im,ve)r =0
(V Uiy V’UZ)QZ + (Im,?)i)r‘ =0

forall v, € H'(Q), ve € H' (),

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]



How to solve EMI-type equations?

4

EMI equations for r € {i, e}
—Au, =0 in Q.
Interface condition (time step 7)

T_l[[u]] =In—f(), Im=Vue ne

Keep I, — multi-dimensional formulation

Find u; € H' (%), ue € H' (), I, € X(T')

(vue,vve)ﬂg — (Im,’l)e)r‘ =0
(V Us, v'Ui)Qz + (Im,’l)i)[‘ =0
([u], )r = 7(Lm, )r = (f, 0)r

forall v, € H'(Q;), ve € H'(Qe), 1 € X*(I)

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]



Multi-dim. EMI formulations are well-posed in the limit 7 — 0, but require compatibility

How to solve EMI-type equations?

EMI equations for r € {i, e}
—Au, =0 in Q.
Interface condition (time step 7)

T_lﬂuH:Im—f(---)’ Im:VUe'TLe

Keep I, — multi-dimensional formulation

Find u; € H' (%), ue € H' (), I, € X(T')

(Ve, Vve)a, — (Im, ve)r =0
(V Uy, V’l}z)gz + (Im,vi)[‘ =0

([ul, )r = 7(Lm, = (f,)r

forall v, € H'(Q;), ve € H'(Qe), 1 € X*(I)

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]



Multi-dim. EMI formulations are well-posed in the limit 7 — 0, but require compatibility

How to solve EMI-type equations? EMI equations for r € {i, e}
—Au, =0 in Q,
Interface condition (time step 7)

T u] =T = f(-++), Im=Vuc-ne

Keep I, — multi-dimensional formulation

(vu67vve)ﬂc — (Im,Ue)F =0
(V (N V’Uz‘)ﬂi + (Im,’Ui)F =0
(Huﬂ7 L)F - T(Imﬂ/) = ( L)r‘

forall v, € H'(Q;), ve € H'(Qe), 1 € X*(I)

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]






Simulating an ionic landscape spanning neuronal, astrocytic and extracellular spaces

Cali et al. [2019], Abdellah et al. [2022], Benedusi et al. [2024]

[K*]; (mM)

Electrodiffusion of {Na®, K™, Cl1~} in neurons, astrocytes and ECS, 100 million degrees of freedom. 14



Codimension 2: perivascular pathways and the brain’s waterscape



The dim-2 gap problem: when are traces with higher dimensional gaps well-defined?

Consider a submanifold A C € of dimension d — 2.

When is u|s well-defined and in what sense?



The dim-2 gap problem: when are traces with higher dimensional gaps well-defined?

Consider a submanifold A C Q of dimension d — 2.

When is u|x well-defined and in what sense?

0 /3

Theorem (Sobolev embedding theorem)
IfQ c R% is Lipschitz, then forp > £,

W?2P(Q) C C(Q).

Theorem (Morrey’s inequality)
IfQCcRYis Lipschitz, then forp > d,

WhP(Q) C C(Q).



The dim-2 gap problem: when are traces with higher dimensional gaps well-defined?

e
Necl
3
NoR=N"S
Consider a submanifold A C Q of dimension d — 2. Theorem (Sobolev embedding theorem)

IfQ c R% is Lipschitz, then forp > £,
When is u|x well-defined and in what sense?

W?2P(Q) C C(Q).

Not covering u € Wl,z(Q) = Hl(Q) (d > 2)! Theorem ‘il\/lorrey's inequality)
IfQ C R® is Lipschitz, then for p > d,

WhP(Q) C C(Q).



Systems of elliptic equations coupled between d x (d — 2)D domains

Example: tissue perfusion

Consider steady perfusion in a biological tissue
represented by Q2 and an embedded network of
topologically one-dimensional blood vessels A.

Define spatial coordinates: = € Q ¢ R* and
se ACR

Finduw:Q — Rand 4 : A — R such that

=V:(kVu) - f(u,
0, (kds0) + f(u,

) =0 inQ,
@) =0 inA.
Here, k and k are the respective hydraulic

conductivities, and f and f represent the flux into
Q from A and into A from €, respectively.

fu,0) = B4 — ),
f(u, @) = f(u,a)da.

ﬂ:HaOH_l/ ude,
ocC

[D’'Angelo and Quarteroni (2008)]



https://www.worldscientific.com/doi/abs/10.1142/S0218202508003108
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[Zebrafish vasculature, Eunice Kennedy Shriver National Institute of Child Health and Human Development]



; [Lyﬁ]fihhﬁc vessels, William Cruikshank, Wellcome Library, London] ‘
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https://www.nytimes.com/2020/12/14/science/roots-competition-game-theory.html

[Perivascular spaces, NIH Research Matters Graphics, Maiken Nedergaard (Oct 28 2013)]




al Institute of Health]



https://www.flickr.com/photos/nihgov/38686503251

Molecular transport via perivascular pathways underpins human brain clearance

His [1865], Flexner [1933], Rennels et al. [1985], Ichimura et al. [1991], Hadaczek et al. [2006], lliff et al. [2012], Mestre et al. [2018] (Movie S2)

-

-
respiration
(arbitrary)

=) = i

time (s)

40 pm, 00:07.9
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Pulsatile perivascular flow and transport patterns induced by long waves of wall motion

Daversin-Catty et al. [2020]

Scale bar: 50um.

Sangalli et al. [2014] (Aneurisk data set), San Martin et al. [2009] (ALE), Asgari et al. [2016], Thomas [2019], Martinac and Bilston [2020]
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Pulsatile perivascular flow and transport patterns induced by long waves of wall motion

\‘

”%‘ _(

Scale bar: 50um.

Daversin-Catty et al. [2020]
Incompressible Stokes
Find the velocity v and pressure p s.t.

v — vV +Vp=0 inQ(t)
V-o=0 1inQ(t)

where Q(t) Qo fort > 0.

Domain motion

The vascular (inner) wall T",, expands
and contracts by a travelling pulse
wave (f =~ 1 — 10Hz, ¢ = 1m/s)

vlr,, = Oudlr,, .

Discretization

Arbitrary Eulerian-Lagrangian (ALE)
finite element (Taylor—Hood)
formulation (optimal convergence)

Sangalli et al. [2014] (Aneurisk data set), San Martin et al. [2009] (ALE), Asgari et al. [2016], Thomas [2019], Martinac and Bilston [2020]
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Pulsatile perivascular flow and transport patterns induced by long waves of wall motion

Scale bar: 50um.

Daversin-Catty et al. [2020]
Incompressible Stokes
Find the velocity v and pressure p s.t.

v — vV +Vp=0 inQ(t)
V-o=0 1inQ(t)

where Q(t) &iQqfort > 0.

Domain motion

The vascular (inner) wall T",, expands
and contracts by a travelling pulse
wave (f =~ 1 — 10Hz, ¢ = 1m/s)

vlr,, = Oudlr,, .

Discretization

Arbitrary Eulerian-Lagrangian (ALE)
finite element (Taylor—Hood)
formulation (optimal convergence)

Sangalli et al. [2014] (Aneurisk data set), San Martin et al. [2009] (ALE), Asgari et al. [2016], Thomas [2019], Martinac and Bilston [2020]
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Pulsatile perivascular flow and transport patterns induced by long waves of wall motion

L% |

Scale bar: 50um.

Daversin-Catty et al. [2020]
Incompressible Stokes
Find the velocity v and pressure p s.t.

v — vV +Vp=0 inQ(t)
V-o=0 1inQ(t)

where Q(t) Qo fort > 0.

Domain motion

The vascular (inner) wall T",, expands
and contracts by a travelling pulse
wave (f =~ 1 — 10Hz, ¢ = 1m/s)

vlr,, = Oudlr,, .

Discretization

Arbitrary Eulerian-Lagrangian (ALE)
finite element (Taylor—Hood)
formulation (optimal convergence)

25



Geometrically-reduced models accurately represent pulsatile flow in perivascular networks

Hodneland et al. [2019] (Vascular data), Olufsen [1999], Formaggia et al. [2003] Daversin-Catty et al. [2022], Gjerde et al. [202X]

g9

Human brain surface arteries (color: R1)

26



Geometrically-reduced models accurately represent pulsatile flow in perivascular networks

Hodneland et al. [2019] (Vascular data), Olufsen [1999], Formaggia et al. [2003] Daversin-Catty et al. [2022], Gjerde et al. [202X]

Human brain surface arteries (color: R1)

s €/\3

Incompressible Stokes (3D)
Velocity v and pressure p s.t. % Q‘
| [ N
o —vViu+Vp=0 inQ(t) '» % {ﬁ
V-v=0 inQt)

where Q(t) &g fort > 0.

26



Geometrically-reduced models accurately represent pulsatile flow in perivascular networks

Hodneland et al. [2019] (Vascular data), Olufsen [1999], Formaggia et al. [2003] Daversin-Catty et al. [2022], Gjerde et al. [202X]
Incompressible Stokes (3D)

Velocity v and pressure p s.t. @ —‘
R}

|
‘.\‘\
O —vVu+Vp=0 inQt) 4 ‘\
Vou=0 inQ)

where Q(t) &g fort > 0.

Model reduction concepts

Human brain surface arteries (color: R1) PVS network Q = UQ" = Q°(A"),
non-convex cross-sections O(s, t)
with area A*(s, t).

s €/A\3
Introduce
W)= [ s
O(s)
z € Q(0) Ay As n(s) = / p
6(s)

Assumptions: axial symmetry, radial
v(z), p(x) q(s),p(s) motion, profiles, ... 2



Geometrically-reduced models accurately represent pulsatile flow in perivascular networks

Hodneland et al. [2019] (Vascular data), Olufsen [1999], Formaggia et al. [2003] Daversin-Catty et al. [2022], Gjerde et al. [202X]

Human brain surface arteries (color: R1)

s €/A\3

Incompressible Stokes (3D)
Velocity v and pressure p s.t.
v —vViu+Vp=0
V-v=0

in Q(t)
in Q(t)

where Q(t) &g fort > 0.

Model reduction concepts

PVS network Q = UQ? = Q¥(A?),
non-convex cross-sections O(s, t)
with area A*(s, t).

Introduce

q<s>=/(a(5)v-§
p(s) =/@(s)p

Assumptions: axial symmetry, radial
motion, profiles, ...

g

L\

Stokes—Brinkman flow (1D)

On each A?, find flux ¢° = § (s,t)

and pressure p¢ = p¥(s,t) s.t.

a¢+u(4m¢+aw)+&ﬁ:0
8 q = —(%AZ = 27['R18td -n

where a; = a;(0;, Vup).

Conservation of flux and stress
At bifurcation points b:

q'(b) — ¢’ (b) — ¢"(b

)=
5'(b) = 67 (b) = 6"(b)

with A6 = —v0sG + p. 26



Geometrically-reduced models accurately represent pulsatile flow in perivascular networks

Daversin-Catty et al. [2022], Gjerde et al. [202X]

cross-section flux (uL/s)
0.002

0.001
— 0.000

[ -0.001
-0.002

27



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

19
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Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

1

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

g’ +v (~0.0" +0'd") + 0.5 =0
0:G' = —0: A" = 27 R10:d -

28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

19

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

v (=0ui' +a'd") + 0.5 =0
0sG" = —0: A*

28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

v (=00 +0'd") + 0.5 = 0
0sG" = —0, A*

Boon et al. [2021], Gjerde et al. [202X]

1
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Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

19

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

va'§t + 0,p" = —v0s0, A’
0" = —, A’

28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

19

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

va'§t + 0,p" = —10s0, A’
sG' = —0, A’

28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

1

On each directed A* € &, find the
flux ¢" and pressure p° s.t.

85@1’ _ gl
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Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

1

On each directed A* € &, find the
flux ¢" and pressure p* s.t.

8sqi _ gl

28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

1

On each directed A* € &, find the
flux ¢" and pressure p* s.t.

8sqi _ gi
At b € V with incident edges £(b)
[ql(6) =0
pib)=p'(b) AN €E(b)

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

Dual variational form

Find (¢,p,2) e X=Q xPx Zs.t. h ﬂ

(Ra,9)e — (03, p)e — ([¥], 2)v = (f.9)e & 7.
(0sq,9)e + ([al, w)v = (9, d)e

for all (¢, ¢, w) € X.

On each directed A* € &, find the with X = H(V-,G) x L*(£) x L*(V).
flux ¢" and pressure p* s.t.

8sqi _ gi
At b € V with incident edges £(b)
[ql(6) =0
pib)=p'(b) AN €E(b)

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]
Dual variational form

Find (¢,p,2) € X =Q x P x Z s. 1. ,‘s @‘

(Rg,¥)e — (0s¢,p)e — ([¥], 2)v = (f, ¥)e
(05q,8)e + ([al, w)v = (g, d)e

for all (¢, ¢, w) € X.

On each directed A* € &, find the with X = H(V-,G) x L*(£) x L*(V).
flux ¢" and pressure p* s.t.

Natural norms?
2 2 2 2
lalle = llallzz(ey + 19sallz2(ey + lalllz2v)
2 2
Iplle = llpllZ2e)

Iz0% = l1Z2 vy

8sqi _ gi
At b € V with incident edges £(b)
[ql(6) =0
pib)=p'(b) AN €E(b)

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]
Dual variational form

Find (¢,p,2) e X=Q xPx Zs.t. ,‘3 ﬂ

(Rg,¥)e — (0s¢,p)e — ([¥], 2)v = (f, ¥)e
(05q,8)e + ([al, w)v = (g, d)e

for all (¢, ¢, w) € X.

100

On each directed A* € &, find the with X = H(V-,G) x L*(&) x L*(V). ‘ 0
flux ¢" and pressure p* s.t. 2w
Rig 4050 — f Natural norms? E 0 e
q sp' = 9 5 9 9 o 4 -o-h=1/1
) ) — as —4—h=1/8
g = g lallo = llallzz(e) + 10sallz2 ey + a2z e S

el = lIpllZ2 e
At b € V with incident edges £(b)

[4](b) =0
Py =p(b) AN €ED)

R 5 Not robust in n = |V|
lzllz = ||Z||L2(V)

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
28



Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]
Dual variational form

Find (¢,p,2) € X =Q x P x Z s. 1. ,‘s @‘

(Rg,¥)e — (0s¢,p)e — ([¥], 2)v = (f, ¥)e
(05q,8)e + ([al, w)v = (g, d)e

for all (¢, ¢, w) € X.

On each directed A* € &, find the with X = H(V-,G) x L*(£) x L*(V).
flux ¢" and pressure p* s.t.

y i i Weighted norms 1
R'q" +0:p" = f

asqi — gi H’IHEQ = ||Q||12(5) + W@stHQL?(g) + ||L€[[QH||2L2(V)
Ipll? = 1167 pll72e)

At b € V with incident edges £(b) ) s
2z = [I1Le 2llz2(v)

lal(b) =0 for ¢ = >, |Ail, L, averaged local lengths
_ _ o =2 1Nl Vv
p'(b) = p’ (b) A A € E(b) ’ ‘ ’ ’

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
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Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

Dual variational form
Find (¢,p,2) e X=Q xPx Zs.t.

(Rg,¥)e — (0s¢,p)e — ([¥], 2)v = (f, ¥)e
(05q,8)e + ([al, w)v = (g, d)e

for all (¢, ¢, w) € X.

P

On each directed A* € &, find the with X = H(V-,G) x L*(£) x L*(V).
flux ¢" and pressure p* s.t.

Bh=1
—a—h=1/2
-o-h=1/1
—e—h = 1/8

Weighted norms 1

Rig+0.p = f E
2 2 2 2
9s¢' = ¢' llallo = llgllz2(ey + 1€0sqllz2(ey + [ Lelgl 72
IplB = [1€ pll72(e)

2 —1_;2
21z = [1Le " 2llz2v)

0 20 40 60 80 100
n

At b € V with incident edges £(b)

[4](b) =0
Py =p(b) AN €ED)

Uniform in n = |V|

for ¢ = 3", |As|, L, averaged local lengths

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]
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[Perivascular spaces, NIH Research Matters Graphics, Maiken Nedergaard (Oct 28 2013)]




MRI reveals human brain-wide tracer enhancement and clearance

Ringstad et al. [2017, 2018]
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)

[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]

Findu: Q — Rand4: A — R such that
—V-(kVu)—(i—u)ds =0 inQ, (5a)
—0,(k0sa) + f(t—u) =0 inA,  (5b)
where @ is a circumferential average:
27

ﬂ(s):(QﬂR)_l/O u(s,R,0)do, s€A.

S N> W e
e y A &
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)

[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]
Findu: Q — Rand 4 : A — R such that Key idea: Analyze the decoupled elliptic problem

. ) with (low regularity) line measure terms: given a,
—V(kVu)—p(u—u)da =0 inQ, (5a) find u : © — R solving (5a).

—0,(k0sa) + f(t—u) =0 inA,  (5b)

[Stampacchia (1965), Brezis and Strauss (1973), Scott (1973), Casas (1985)]

where @ is a circumferential average:

o What are U, V such that u € U solves

als) = (2rR) " / u(s,R,0)do, s€A.
0 (EVu,Vv)g + (Bu,v)a = (B, v)a, (6)

A forallv e V?
e R'/
2P ’ AN &
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)

[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]
Findu: Q — Rand 4 : A — R such that Key idea: Analyze the decoupled elliptic problem

. ) with (low regularity) line measure terms: given a,
—V(kVu)—p(u—u)da =0 inQ, (5a) find u : © — R solving (5a).

—0,(k0sa) + f(t—u) =0 inA,  (5b)

[Stampacchia (1965), Brezis and Strauss (1973), Scott (1973), Casas (1985)]

where @ is a circumferential average:

o What are U, V such that u € U solves

als) = (2rR) " / u(s,R,0)do, s€A.
0 (EVu,Vv)g + (Bu,v)a = (B, v)a, (6)

A / ~ forallv € V? (Not H'(Q)!)
— /
e y A &
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)

Findu: Q — Rand4: A — R such that
-V (kVu)—p(t—1u)da=0 inQ,
—05(kds0) + St — ) =0 in A,

(5a)
(5b)

where @ is a circumferential average:

27
ﬂ(s):(QﬂR)_l/ u(s,R,0)do, s€A.
0

B A S
Ve y N %

Introduce weighted Sobolev spaces o € (—1,1):
L2(Q) = {u]dist®u € L*(Q), dist(z) = dist(z, A)}
Ha(Q) = {u € Lo(Q)| Vu e LL()}

HL () C H'(Q) C HA(), ac(0,1)

[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]

Key idea: Analyze the decoupled elliptic problem
with (low regularity) line measure terms: given a,
find u : © — R solving (5a).

[Stampacchia (1965), Brezis and Strauss (1973), Scott (1973), Casas (1985)]

What are U, V such that u € U solves
(EVu,Vv)g + (Bu,v)a = (B, v)a, (6)
forallv € V? (Not H'(Q)!)

Theorem (Well-posedness, D’A & Q (2008))

There exists 0 < o < 1 such that (6) with
U=H)Q),V=H(Q) is well-posed.

Proof.
Via a generalized Lax-Milgram theorem, continuity and
coercivity in the weighted spaces. O
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Coupling via the interface surface gives well-posedness in standard Sobolev spaces

[Képpl, Vidotto, Wohlimuth, Zunino (2018) (d = 2)]

Consider the curve A, the cylinder surface T", and
the embedding domain 2 ¢ R®.
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Coupling via the interface surface gives well-posedness in standard Sobolev spaces

Consider the curve A, the cylinder surface T", and
the embedding domain 2 ¢ R®.

[Képpl, Vidotto, Wohlimuth, Zunino (2018) (d = 2)]

New idea: Analyze the decoupled 3D problem
with (not line but) surface measure terms: given
o: I — R, find u: Q@ — R such that

—V-(kVu) — B —a)dr =0 inQ.

What are U, V such that v € U solves
(/\'VU,V’U)Q + (317,,11)1‘ = (‘ﬂLU)Fa (7)

forallv e V?
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Coupling via the interface surface gives well-posedness in standard Sobolev spaces

[Képpl, Vidotto, Wohlimuth, Zunino (2018) (d = 2)]
Consider the curve A, the cylinder surface T", and New idea: Analyze the decoupled 3D problem
the embedding domain Q c R*. with (not line but) surface measure terms: given

o: I — R, find u: Q@ — R such that

i —V-(kVu)—=p(a—u)or =0 inQ.

o
P What are U, V such that u € U solves
A
VT~ (kVu, Voo + (54, v)r = (Bd,v)r,  (7)
I
o n forallv e V?

Theorem (Well-posedness, KVWZ (2018))

For R sufficiently small, (7) is well-posed for
UxV=H)Q) x H(Q), and

3
we Hy(Q)NH2¢
Proof.
Lax-Milgram with tailored trace inequality. O



Coupling via the interface surface gives well-posedness in standard Sobolev spaces

[Képpl, Vidotto, Wohlimuth, Zunino (2018) (d = 2)]

Consider the curve A, the cylinder surface T", and New idea: Analyze the decoupled 3D problem
the embedding domain Q c R*. with (not line but) surface measure terms: given
o: I — R, find u: Q@ — R such that

, —V-(kVu) — B —a)dr =0 inQ.

o
P What are U, V such that u € U solves
N\
VT~ (kVu, Voo + (54, v)r = (Bd,v)r,  (7)
|
o n forallv e V?
Theorem (Well-posedness, KVWZ (2018))
For R sufficiently small, (7) is well-posed for
1 —1
Q1 Existence and uniqueness of solutions? UxV =Ho(Q)xH (2),and
3
Q2 How are these equations derived? ue Hy(Q)NnH2"*
Q8 What is the modelling error? Proof.

Q4 What is the approximation error? Lax-Milgram with tailored trace inequality. O
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3D-1D modelling of molecular transport in perivascular pathways and brain tissue

Masri et al. [2024, 202X]

Hodneland et al. [2019] (Data set)
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3D-1D modelling of molecular transport in perivascular pathways and brain tissue

Masri et al. [2024, 202X]

[ N
=10)
N\

Hodneland et al. [2019] (Data set)
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3D-1D modelling of molecular transport in perivascular pathways and brain tissue

Masri et al. [2024, 202X]
B /—f N
S z
N ’ \
(=vlyo M 3
/\ v
3D-3D transport and exchange

Find concentrations ¢, (t) : 2, — R s.t.

s

Occr = V(DrVer —urer) =0 in Q,(t)
and across I'(t):

—(Dy V ey — lney) Ny — ey —cs) =0

Hodneland et al. [2019] (Data set) 33



3D-1D modelling of molecular transport in perivascular pathways and brain tissue
Masri et al. [2024, 202X]
,,,\_(LS

I .
=40) Ha
e / A e

Tissue Q € R? 3D-3D transport and exchange Model reduction tools
Find concentrations ¢, (t) : 2, — R s.t.

Cross-section average
Occr = V(DrVer —urer) =0 in Q,(t)

@ =5 [ e
and across I'(t): T A(s) Jogs
—(Dy V ey — lipey) -1y — C(cy —cs) =0 Perimeter average

)= L
Sk P(s) /aer_,(s) f

3D-1D coupling via the
KVWZ trick.

Hodneland et al. [2019] (Data set)



3D-1D modelling of molecular transport in perivascular pathways and brain tissue

Tissue Q € R®

Hodneland et al. [2019] (Data set)

1

- @

. J-w'/\ A _O_v/

_.Q_

3D-3D transport and exchange
Find concentrations ¢, (t) : 2, — R s.t.
Occr = V(DrVer —urer) =0 in Q- (t)
and across I'(t):

—(Dy V ey — lney) Ny — ey —cs) =0

3D-1D
Findc(t) : Q@ = R, é(t) : A = Rs.t.

Oic — V(gDVC - Suc) + C(E - é)(Sp = 0,
A{w)é) + PC(é— @) =0,

0y (A¢) — 85 (DA —

in Q and A, respectively.

Masri et al. [2024, 202X]

< LU N

Model reduction tools

Cross-section average

1
(ee) = A(s) /(a(s) ‘

Perimeter average

- 1

)= P(s) /aem) /

3D-1D coupling via the
KVWZ trick.
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The 3D-3D and 3D-1D perivascular-tissue transport equations are well-posed
Masri et al. [2024, 202X]

_()..5

- @

R RV

4

Tissue 2 € R®

Vessels A = U; A;

Hodneland et al. [2019] (Data set)



The 3D-3D and 3D-1D perivascular-tissue transport equations are well-posed

Masri et al. [2024, 202X]

3D-1D transport and exchange
Find c(t) : Q - R, &(t) : A —> R s.t.

Oc — V-(EDV e — Euc) + ((c — &)or =0,
8:(A¢) — 05 (DADse — A{u)é) + P¢(é—¢) =0,

in Q and A, respectively.

34
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The 3D-3D and 3D-1D perivascular-tissue transport equations are well-posed

Masri et al. [2024, 202X]

0n_g

©
—A W

3D-1D transport and exchange
Find c(t) : Q - R, &(t) : A —> R s.t.

Oce —V-(EDV ¢ — Euc) + ((¢ — &)or =0,
0:(Aé) — 85 (DADsé — A{u)é) + P¢(é—¢) =0,

in Q and A, respectively.

Vessels A = U; A; Theorem
Assuming uniformly bounded data, the (variational) 3D-1D transport

equations are well-posed over
{c € L*(0,T, Hy (), dc € L*(0,T, H 1 (Q))} x
{é € L*(0,T, Hy(N)),d,:¢ € L*(0,T, Hy (M)}

Hodneland et al. [2019] (Data set)



Will the 3D-3D and 3D-1D perivascular transport models agree for infinitely thin vessels?
Masri et al. [2024]

Theorem (Model error in the perivascular space)
Let ¢,, cs be weak solutions to the coupled 3D-3D
perivascular transport problem and assume that
¢, (0) € H'(Q,). Letc, ¢ be the weak solutions to
the reduced coupled 3D-1D perivascular transport
problem.

cs, v (3D-3D) ¢, & (3D-1D)

Then, for e = max diam O(s, t)

lleo = ellLz(0,1:L2(20))
<e+ e+ (¢|Ine))'/? 0.00 0.03
+ [[w,r, U0 || + max 95| R1, Ra|

Here, the inequality constant(s) depend on the 2€ | E, rate
data, parameters and the solutions ¢, ¢, and cs, 041 | 439 x 10~* i
but are bounded independently of e. (hmax =~ 0.02) 0.05 | 5.26x10~° 3.06

0.025 | 1.41 x10~° 1.90
0.0125 | 790 x 107 0.84




MRI highlights need for individualized treatment of brain diseases

Ringstad et al. [2018]

50.0

37.5
25.0
12.5
0.00
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K. G. Jebsen Centre for Brain Fluid Research targeting new diagnostics for dementia
disorders and more precise treatment of brain cancer (2024—-2029)
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Personalized in-silico predictions of molecular transport in the human intracranial space
Causemann et al. [2022], Hornkjol et al. [2022], Gjerde et al. [2023], Masri et al. [2024, 202X]
Findc(t) : Q@ - R, é(t) : A > Rs.t.

Orc —V-(EDVe—Euc)+((c—¢&)dr =0
0¢(Ae) — 0s (DADs¢ — Auc) + P{(é—¢e) =0

Brain++ Q € R>  in Q and A, respectively.
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Personalized in-silico predictions of molecular transport in the human intracranial space
Causemann et al. [2022], Hornkjol et al. [2022], Gjerde et al. [2023], Masri et al. [2024, 202X]
Find c(t) : @ — R, é(t) : A — Rs.t.

Oe—V-(EDVe—Eue)+¢(c—¢&)dr =0
4 0t (A¢) — 0s (DADs¢ — Auc) + P¢(é—¢) =0

Brain++ Q € R® in Q and A, respectively.

Computational fluid dynamics to inform transport models

Vessels A = U; Ay

PVS flow @ from vasomotion Flow v from CSF production
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In-silico molecular transport in the human intracranial space after intrathecal injection (24h)

Masri et al. [202X]

concentration (mmol/l)
0.0e+00 1 2 3 4 5.0e+00

o %



Final remarks



Mathematical modeling of the human brain: from MRI to FEM

B kent-and / mri2fem ' pubic

SIMULA SPRINGER BRIEFS ON COMPUTING 10 Pull requests Issues Marketplace Explore

<> Code (O Issues {1 Pullrequests (® Actions [ Projects [0 Wiki

Lars Magnus Valnes

Mathematical
Modeling

¥ master ~ ¥ 1branch ©0tags

@ meg-simula Update README.md

B book

of the Human Brain =
From Magnetic B
Resonance Images B
to Finite Element
Simulation

mri2fem removed unwanted return call

README.md Update README.md

make_archive.sh Add script for making Zenodo archive.

README.md

https://link.springer.com/book/10.1007/978-3-030-95136-8

@ Springer

@ Security

adding a final compiled pdf version of the book

|~ Insights

Go toffile Addfile~ | Code~

acsbdeb 3 minutes ago  ® 107 commits
3 months ago

17 months ago

3 minutes ago

17 months ago

V4

Manuscript repository for Mathematical modelling of the human brain: from magnetic resonances images to finite
element simulation by K. A. Mardal, M. E. Rognes, T. B. Thompson and L. M. Valnes., Springer, 2022.

[https://github.com/kent-and/mri2fem]
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Mathematical modeling of the human brain II: the-brains-strike-baek from glymphatics to

deep learning

SIMULA SPRINGER BRIEFS ON COMPUTING 10

Lars MéésV Ines

Mathematical
Modeling

of the Human Brain |

From-Magnetie

{o-HpfteHement From
Siffkation—glymphatics

to deep.learning

Lopen s 4 Springer

% 2023-mri2fem-ii Frivate

¥ main ~ ¥ 33Branches © 1Tags

% meg-simula Update README.md o

I _github/workflows
s book2

B code

B template

[ .gitignore

[ LICENSE

[} README.md

[ README &5 MIT license

® Unwatch 7 -

Q Gotofile ©  Addfile ~ | <> Code ~

64c3d25 - now {0 428 Commits

Remove upload artifact for now as we are on a private re...
fix tau / n mixup

Removed parameter choises.

Move template out of book folder. Remove unused EPS. ...
suggestions from code review

Initial commit

Update README.md

7 months ago
3 months ago
3 months ago
7 months ago
6 months ago

2 years ago

now

Mathematical modeling of the human brain (vol II):
from glymphatics to deep learning
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Solute transport and Brain mechanics Cerebrospinal fluid flow Neurodegeneration
clearance and pulsatility

lons and osmosis Mixed-dimensional Optimization Simulation technology
PDEs
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