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For Ω ⊂ Rd (d > 1), u ∈ H1(Ω) need
not be continuous; e.g.

u(x, y) = (− ln(x2 + y2))
1
3

∈ H1(Ω)
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Continuity and the trace theorem in Laplace boundary value problems

Define u ∈ H1
g (Ω) ≡W 1,2

g (Ω) such that∫
Ω

∇u · ∇ v dx = 0 ∀ v ∈ H1
0 (Ω)

where H1
g = {u ∈ L2 | ∇u ∈ L2 | tru = g}

In what sense is u solving

−∇·∇u = 0 in Ω,

u= g on ∂Ω,

in terms of continuity?

Theorem (Trace theorem)

Assume that Ω is bounded and Lipschitz. There
exists a linear operator tr :W 1,p(Ω)→ Lp(∂Ω)
such that for 1 ⩽ p <∞

tru = u|∂Ω, ∀ u ∈W 1,p ∩ C(Ω̄),

∥ tru∥Lp(∂Ω) ≲ ∥u∥W1,p(Ω) ∀ u ∈W 1,p(Ω).
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Codimension 1: brain membranes and the ionic landscape

6



From Sobolev inequalities to computational life science multiphysics (and back again)
Laughlin et al. [2023]

Theorem (Trace theorem (H1(Ω) = W 1,2(Ω)))

Assume that Ω is bounded and Lipschitz. There exists a linear operator
tr : H1(Ω)→ H

1
2 (∂Ω) ⊂ L2(∂Ω) such that

tru = u|∂Ω, ∀ u ∈ H1 ∩ C(Ω̄), ∥ tru∥L2(∂Ω) ≲ ∥u∥H1(Ω) ∀ u ∈ H1(Ω).
7



nine

Ωi

Ωe

Γ

∂Ω

Let ui : Ωi → R and ue : Ωe → R.

Diffusion separated by the interface Γ

−∆ui = 0 in Ωi

−∆ue = 0 in Ωe

Interface conditions that allow for jumps in u

−∇ui · ni = ∇ue · ne on Γ

JuK ≡ ui − ue = g on Γ

Ben Belgacem et al. [2015], (Illustration courtesy of Nanna Berre)
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Modelling (excitable) biological cells via geometrical cells: the dynamics of extracellular,
membrane and intracellular potentials

nine

Ωi

Ωe

Γ

∂Ω

Molecular channels and pumps regulate interface dynamics

Intracellular and extracellular potentials ui, ue

−∆ui = 0 in Ωi

−∆ue = 0 in Ωe

Membrane potential v defined over Γ:

v = JuK = ui − ue

Conservation of current Im

−∇ui · ni = ∇ue · ne ≡ Im on Γ

... across an active interface – for t > 0

∂tJuK = Im − f(u, . . . ) on Γ

Stinstra et al. [2010], Agudelo-Toro and Neef [2013], Tveito et al. [2017, 2021], . . . 9
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The geometry representation is key to study the role of morphology and heterogeneities

Tveito et al. [2017] (Simulations courtesy of Karoline Jæger) 10



Single-dimensional formulations of EMI equations fail for small time steps (τ → 0)

How to solve EMI-type equations?

nine

Ωi

Ωe

Γ

∂Ω

Recall integration by parts

(−∆u, v)Ω = (∇u,∇ v)Ω − (∇u · n, v)∂Ω

where (u, v)D =

∫
D

uv.

EMI equations for r ∈ {i, e}

−∆ur = 0 in Ωr

Interface condition (time step τ )

τ−1JuK = Im − f(· · · ), Im = ∇ue · ne

Eliminate Im →
single-dimensional formulation

Find ui ∈ H1(Ωi), ue ∈ H1(Ωe) such that for all
vi ∈ H1(Ωi), ve ∈ H1(Ωe)

Kuchta et al. [2021], Tveito et al. [2021]
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Multi-dim. EMI formulations are well-posed in the limit τ → 0, but require compatibility

How to solve EMI-type equations?

nine

Ωi

Ωe

Γ

∂Ω

X(Γ) = H
1
2 (Γ), X∗(Γ) = H− 1

2 (Γ)

Xh ≈ tr(Uh)

EMI equations for r ∈ {i, e}

−∆ur = 0 in Ωr

Interface condition (time step τ )

τ−1JuK = Im − f(· · · ), Im = ∇ue · ne

Keep Im → multi-dimensional formulation

Find ui ∈ H1(Ωi), ue ∈ H1(Ωe),

Im ∈ X(Γ)

(∇ue,∇ ve)Ωe − (Im, ve)Γ = 0

(∇ui,∇ vi)Ωi + (Im, vi)Γ = 0

(JuK, ι)Γ − τ(Im, ι)Γ = (f, ι)Γ

for all vi ∈ H1(Ωi), ve ∈ H1(Ωe),

ι ∈ X∗(Γ)

Wohlmuth [2000], Tveito et al. [2017], Kuchta et al. [2021]
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Motta et al. [2019]
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Simulating an ionic landscape spanning neuronal, astrocytic and extracellular spaces
Calì et al. [2019], Abdellah et al. [2022], Benedusi et al. [2024]

Electrodiffusion of {Na+,K+,Cl−} in neurons, astrocytes and ECS, 100 million degrees of freedom. 14



Codimension 2: perivascular pathways and the brain’s waterscape
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The dim-2 gap problem: when are traces with higher dimensional gaps well-defined?

Consider a submanifold Λ ⊂ Ω of dimension d− 2.

When is u|Λ well-defined and in what sense?

Not covering u ∈W 1,2(Ω) ≡ H1(Ω) (d ⩾ 2)!

Theorem (Sobolev embedding theorem)

If Ω ⊂ Rd is Lipschitz, then for p ≥ d
2
,

W 2,p(Ω) ⊆ C(Ω̄).

Theorem (Morrey’s inequality)

If Ω ⊂ Rd is Lipschitz, then for p > d,

W 1,p(Ω) ⊆ C(Ω).
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Systems of elliptic equations coupled between d× (d− 2)D domains

Example: tissue perfusion

Consider steady perfusion in a biological tissue
represented by Ω and an embedded network of
topologically one-dimensional blood vessels Λ.

Define spatial coordinates: x ∈ Ω ⊂ Rd and
s ∈ Λ ⊂ R.

Find u : Ω→ R and û : Λ→ R such that

−∇·(k∇u)− f(u, û) = 0 in Ω,

−∂s(k̂∂sû) + f̂(u, û) = 0 in Λ.

Here, k and k̂ are the respective hydraulic
conductivities, and f and f̂ represent the flux into
Ω from Λ and into Λ from Ω, respectively.

f̂(u, û) = β(û− ū), ū = ∥∂C∥−1

∫
∂C

u dθ,

f(u, û) = f̂(u, û)δΛ.

[D’Angelo and Quarteroni (2008)]

17

https://www.worldscientific.com/doi/abs/10.1142/S0218202508003108


[Zebrafish vasculature, Eunice Kennedy Shriver National Institute of Child Health and Human Development]
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[Lymphatic vessels, William Cruikshank, Wellcome Library, London]
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[Pepper roots, New York Times Illustration, Jonathan Bartlett (Dec 14 2020)]

20

https://www.nytimes.com/2020/12/14/science/roots-competition-game-theory.html


[Perivascular spaces, NIH Research Matters Graphics, Maiken Nedergaard (Oct 28 2013)]

21



[Beta-amyloid plaques and tau in the brain, National Institute of Health]

22

https://www.flickr.com/photos/nihgov/38686503251


Molecular transport via perivascular pathways underpins human brain clearance
His [1865], Flexner [1933], Rennels et al. [1985], Ichimura et al. [1991], Hadaczek et al. [2006], Iliff et al. [2012], Mestre et al. [2018] (Movie S2)

23



Pulsatile perivascular flow and transport patterns induced by long waves of wall motion
Daversin-Catty et al. [2020]

Scale bar: 50µm.

Ω0

Incompressible Stokes

Find the velocity v and pressure p s.t.

∂tv − ν∇2v +∇p = 0 in Ω(t)

∇ · v = 0 in Ω(t)

where Ω(t)
d← [ Ω0 for t > 0.

Domain motion
The vascular (inner) wall Γw expands
and contracts by a travelling pulse
wave (f ≈ 1− 10Hz, c ≈ 1m/s)

v|Γw = ∂td|Γw .

Discretization
Arbitrary Eulerian-Lagrangian (ALE)
finite element (Taylor–Hood)
formulation (optimal convergence)

Sangalli et al. [2014] (Aneurisk data set), San Martín et al. [2009] (ALE), Asgari et al. [2016], Thomas [2019], Martinac and Bilston [2020]
24
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Geometrically-reduced models accurately represent pulsatile flow in perivascular networks
Hodneland et al. [2019] (Vascular data), Olufsen [1999], Formaggia et al. [2003] Daversin-Catty et al. [2022], Gjerde et al. [202X]

Human brain surface arteries (color: R1)

x ∈ Ω(0) Λ1
Λ2

s ∈ Λ3

b

v(x), p(x) q̂(s), p̂(s)

Incompressible Stokes (3D)

Velocity v and pressure p s.t.

∂tv − ν∇2v +∇p = 0 in Ω(t)

∇ · v = 0 in Ω(t)

where Ω(t)
d←[ Ω0 for t > 0.

Model reduction concepts

PVS network Ω = ∪Ωi = Ωi(Λi),
non-convex cross-sections Θ(s, t)

with area Ai(s, t).

Introduce

q̂(s) =

∫
Θ(s)

v · s⃗

p̂(s) =

∫
Θ(s)

p

Assumptions: axial symmetry, radial
motion, profiles, ...

Stokes–Brinkman flow (1D)

On each Λi, find flux q̂i = q̂i(s, t)

and pressure p̂i = p̂i(s, t) s.t.

∂tq̂
i + ν

(
−∂ssq̂i + αiq̂i

)
+ ∂sp̂

i = 0

∂sq̂
i = −∂tAi = 2πR1∂td · n

where αi = αi(Θi, vvp).

Conservation of flux and stress
At bifurcation points b:

q̂i(b)− q̂j(b)− q̂k(b) = 0

σ̂i(b) = σ̂j(b) = σ̂k(b)

with Aσ̂ = −ν∂sq̂ + p̂.
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Geometrically-reduced models accurately represent pulsatile flow in perivascular networks
Daversin-Catty et al. [2022], Gjerde et al. [202X]

v q̂

∫
Θ

v · s⃗
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Do graph topology affect the (finite element) stability of Stokes-Brinkman networks?

Boon et al. [2021], Gjerde et al. [202X]

Λi

G = (V, E)

At b ∈ V with incident edges E(b)

JqK(b) = 0

pi(b) = pj(b) Λi,Λj ∈ E(b)

Berkolaiko and Kuchment [2013], Arioli and Benzi [2018]

Dual variational form ∗
Find (q, p, z) ∈ X = Q× P × Z s. t.

(Rq, ψ)E − (∂sψ, p)E − (JψK, z)V = (f, ψ)E

(∂sq, ϕ)E + (JqK, w)V = (g, ϕ)E

for all (ψ, ϕ,w) ∈ X.

with X = H(∇·,G)× L2(E)× L2(V).
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Natural norms?

∥q∥2Q = ∥q∥2L2(E) + ∥∂sq∥
2
L2(E) + ∥JqK∥

2
L2(V)

∥p∥2P = ∥p∥2L2(E)

∥z∥2Z = ∥z∥2L2(V)
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Not robust in n = |V|
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Weighted norms †

∥q∥2Q = ∥q∥2L2(E) + ∥ℓ∂sq∥
2
L2(E) + ∥LℓJqK∥2L2(V)

∥p∥2P = ∥ℓ−1p∥2L2(E)

∥z∥2Z = ∥L−1
ℓ z∥2L2(V)

for ℓ =
∑

i |Λi|, Lℓ averaged local lengths
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Uniform in n = |V|
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[Perivascular spaces, NIH Research Matters Graphics, Maiken Nedergaard (Oct 28 2013)]

29



MRI reveals human brain-wide tracer enhancement and clearance
Ringstad et al. [2017, 2018]
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)
[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]

Find u : Ω→ R and û : Λ→ R such that

−∇·(k∇u)− β(û− ū)δΛ = 0 in Ω, (5a)

−∂s(k̂∂sû) + β(û− ū) = 0 in Λ, (5b)

where ū is a circumferential average:

ū(s) = (2πR)−1

∫ 2π

0

u(s,R, θ) dθ, s ∈ Λ.

Introduce weighted Sobolev spaces α ∈ (−1, 1):

L2
α(Ω) = {u |distαu ∈ L2(Ω), dist(x) = dist(x,Λ)}

H1
α(Ω) = {u ∈ L2

α(Ω) | ∇u ∈ L2
α(Ω)

d}

H1
−α(Ω) ⊂ H1(Ω) ⊂ H1

α(Ω), α ∈ (0, 1)

Key idea: Analyze the decoupled elliptic problem
with (low regularity) line measure terms: given û,
find u : Ω→ R solving (5a).

[Stampacchia (1965), Brezis and Strauss (1973), Scott (1973), Casas (1985)]

What are U, V such that u ∈ U solves

(k∇u,∇ v)Ω + (βū, v)Λ = (βû, v)Λ, (6)

for all v ∈ V ?

(Not H1(Ω)!)

Theorem (Well-posedness, D’A & Q (2008))

There exists 0 < α < 1 such that (6) with
U = H̊1

α(Ω), V = H1
−α(Ω) is well-posed.

Proof.
Via a generalized Lax-Milgram theorem, continuity and
coercivity in the weighted spaces.
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The D’A-Q. 3D-1D equations are well-posed in weighted Sobolev spaces (only)
[D’Angelo and Quarteroni (2008), Drelichman et al (2020)]
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H1
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α(Ω) | ∇u ∈ L2
α(Ω)

d}

H1
−α(Ω) ⊂ H1(Ω) ⊂ H1

α(Ω), α ∈ (0, 1)

Key idea: Analyze the decoupled elliptic problem
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Coupling via the interface surface gives well-posedness in standard Sobolev spaces
[Köppl, Vidotto, Wohlmuth, Zunino (2018) (d = 2)]

Consider the curve Λ, the cylinder surface Γ, and
the embedding domain Ω ⊂ Rd.

Q1 Existence and uniqueness of solutions?

Q2 How are these equations derived?

Q3 What is the modelling error?

Q4 What is the approximation error?

New idea: Analyze the decoupled 3D problem
with (not line but) surface measure terms: given
ũ : Γ→ R, find u : Ω→ R such that

−∇·(k∇u)− β(ũ− ū)δΓ = 0 in Ω.

What are U, V such that u ∈ U solves

(k∇u,∇ v)Ω + (βū, v)Γ = (βũ, v)Γ, (7)

for all v ∈ V ?

Theorem (Well-posedness, KVWZ (2018))

For R sufficiently small, (7) is well-posed for
U × V = H1

0 (Ω)×H−1(Ω), and

u ∈ H1
0 (Ω) ∩H

3
2
−ϵ

Proof.
Lax-Milgram with tailored trace inequality.
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for all v ∈ V ?

Theorem (Well-posedness, KVWZ (2018))

For R sufficiently small, (7) is well-posed for
U × V = H1

0 (Ω)×H−1(Ω), and

u ∈ H1
0 (Ω) ∩H

3
2
−ϵ

Proof.
Lax-Milgram with tailored trace inequality.

32



3D-1D modelling of molecular transport in perivascular pathways and brain tissue
Masri et al. [2024, 202X]

Tissue Ω ∈ R3

Vessels Λ = ∪iΛi

Hodneland et al. [2019] (Data set)

3D-3D transport and exchange

Find concentrations cr(t) : Ωr → R s.t.

∂tcr −∇·(Dr∇ cr − urcr) = 0 in Ωr(t)

and across Γ(t):

− (Dv∇ cv − ũvcv) · nv − ζ(cv − cs) = 0

3D-1D
Find c(t) : Ω→ R, ĉ(t) : Λ→ R s.t.

∂tc−∇·(ED∇ c− Euc) + ζ(c̄− ĉ)δΓ = 0,

∂t(Aĉ)− ∂s (DA∂sĉ−A⟨u⟩ĉ) + Pζ(ĉ− c̄) = 0,

in Ω and Λ, respectively.

Model reduction tools

Cross-section average

⟨c⟩(s) ≡ 1

A(s)

∫
Θ(s)

c

Perimeter average

f̄(s) ≡ 1

P (s)

∫
∂Θ2(s)

f

3D-1D coupling via the
KVWZ trick.
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The 3D-3D and 3D-1D perivascular-tissue transport equations are well-posed
Masri et al. [2024, 202X]

Tissue Ω ∈ R3

Vessels Λ = ∪iΛi

Hodneland et al. [2019] (Data set)

3D-1D transport and exchange

Find c(t) : Ω→ R, ĉ(t) : Λ→ R s.t.

∂tc−∇·(ED∇ c− Euc) + ζ(c̄− ĉ)δΓ = 0,

∂t(Aĉ)− ∂s (DA∂sĉ−A⟨u⟩ĉ) + Pζ(ĉ− c̄) = 0,

in Ω and Λ, respectively.

Theorem
Assuming uniformly bounded data, the (variational) 3D-1D transport
equations are well-posed over

{c ∈ L2(0, T,H1
0 (Ω)), ∂tc ∈ L2(0, T,H−1(Ω))}×

{ĉ ∈ L2(0, T,H1
A(Λ)), ∂tĉ ∈ L2(0, T,H−1

A (Λ))}
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Will the 3D-3D and 3D-1D perivascular transport models agree for infinitely thin vessels?
Masri et al. [2024]

Theorem (Model error in the perivascular space)

Let cv, cs be weak solutions to the coupled 3D-3D
perivascular transport problem and assume that
cv(0) ∈ H1(Ωv). Let c, ĉ be the weak solutions to
the reduced coupled 3D-1D perivascular transport
problem.

Then, for ϵ = max diamΘ(s, t)

∥cv − ĉ∥L2(0,T ;L2(Ωv))

≲ ϵ+ ϵ1/2 + (ϵ| ln ϵ|)1/2

+ ∥uv,r, uv,θ∥+max ∂s|R1, R2|

Here, the inequality constant(s) depend on the
data, parameters and the solutions c, ĉ, and cs,
but are bounded independently of ϵ.

cs, cv (3D-3D) c, ĉ (3D-1D)

(hmax ≈ 0.02)

2ϵ Ev rate

0.1 4.39× 10−4 -
0.05 5.26× 10−5 3.06

0.025 1.41× 10−5 1.90
0.0125 7.90× 10−6 0.84
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MRI highlights need for individualized treatment of brain diseases
Ringstad et al. [2018]
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K. G. Jebsen Centre for Brain Fluid Research targeting new diagnostics for dementia
disorders and more precise treatment of brain cancer (2024–2029)
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Personalized in-silico predictions of molecular transport in the human intracranial space
Causemann et al. [2022], Hornkjøl et al. [2022], Gjerde et al. [2023], Masri et al. [2024, 202X]

Brain++ Ω ∈ R3

Vessels Λ = ∪iΛi

Find c(t) : Ω→ R, ĉ(t) : Λ→ R s.t.

∂tc−∇·(ED∇ c− Euc) + ζ(c̄− ĉ)δΓ = 0

∂t(Aĉ)− ∂s (DA∂sĉ−Aûĉ) + Pζ(ĉ− c̄) = 0

in Ω and Λ, respectively.

Computational fluid dynamics to inform transport models

PVS flow û from vasomotion Flow u from CSF production
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∂tc−∇·(ED∇ c− Euc) + ζ(c̄− ĉ)δΓ = 0
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In-silico molecular transport in the human intracranial space after intrathecal injection (24h)
Masri et al. [202X]
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Final remarks
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Mathematical modeling of the human brain: from MRI to FEM

[https://github.com/kent-and/mri2fem]
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Mathematical modeling of the human brain II: the brains strike back from glymphatics to
deep learning

42



Solute transport and
clearance

Brain mechanics Cerebrospinal fluid flow
and pulsatility

Neurodegeneration

Ions and osmosis Mixed-dimensional
PDEs

Optimization Simulation technology
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