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He flew and flew over many a weary wave, but when at
last he got to the island which was his journey’s end,
he left the sea and went on by land till he came to the
cave where the nymph Calypso lived.

[The Odyssey, Homer]




The brain and its cerebrospinal fluid (CSF) environment pulsates in
synchrony with the cardiac and respiratory cycles Gausamann ot a. (202

Coupled Biot & Stokes equations (Brain & CSF)

. Total pressure formulation, Taylor—Hood elements
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MRI reveals human brain-wide tracer enhancement and clearance

Ringstad et al. [2017, 2018]
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Solutes travel via preferential perivascular pathways — driven by ...?7
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[Mestre et al, Nat. Comms, 2018 (Movie S2)]

[lliff et al, Sci. Transl. Med, 2012 (Movie S1)]


https://stm.sciencemag.org/content/4/147/147ra111
https://stm.sciencemag.org/content/4/147/147ra111

What mechanisms drive perivascular flow and transport?

.
4

Daversin-Catty et al. [2020]
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Model length and wave speed modulate PVS velocity and net flow

Daversin-Catty et al. [2020]
Annular cylinder L (mm) long

Wave speed ¢ = 1000 mm/s

Frequency f =10Hz =10 /s

Wave length )\ is speed
divided by frequency:

A=c¢/f=100mm
L=1mm=0.01X\

L=50mm=0.5X\
L=100mm=1 X\



Model length and wave speed modulate PVS velocity and net flow

Daversin-Catty et al. [2020]

. —— 1 mm (0.0 um/s) —— 50 mm (4.7 um/s)
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Model length and wave speed modulate PVS velocity and net flow

Daversin-Catty et al. [2020]

Annular cylinder L (mm) long 5 rom (0. g oo mm (7.0 i)
—— 10 mm (0.4 um/s) —— 200 mm (6.7 um/s)
Wave speed ¢ = 1000 mm/s A) B) 20
2000
Frequency f = 10Hz =10 /s 9 =
q y f £ 1000 g_ 0
3 =
Wave length ) is speed zZ o= S
divided by frequency: k) @
< -1000 o
A =c/f=100mm —40
—2000 .
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L=100mm=1 X S e e pYg e = - P —

[Wang and Olbricht (2011), Thomas (2019), Carr et al (2021): L > ]



ICP (gradients) pulsate in sync with cardiac and respiratory cycles

/,r\éf

Long term ICP
measurements

[Eide and Szehle (2010)]


https://doi.org/10.1007/s00701-010-0605-x

ICP (gradients) pulsate in sync with cardiac and respiratory cycles

Vinje et al. [2019]
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https://doi.org/10.1007/s00701-010-0605-x

ICP (gradients) pulsate in sync with cardiac and respiratory cycles
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Long term ICP
measurements

[Eide and Szehle (2010)]
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Vinje et al. [2019]
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https://doi.org/10.1007/s00701-010-0605-x

Rigid motions, arterial wall pulsations and a static pressure gradient
induced oscillatory PVS flow in agreement with experimental findings
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Wall pulsation frequency: 2.2 Hz. Static pressure gradient: 1.46 mmHg.
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[lliff et al, Sci. Transl. Med, 2012 (Fig 3)]
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https://stm.sciencemag.org/content/4/147/147ra111

Perivascular spaces

Perivascular
spaces Interstitial fluid

lliff et al, 2012

Louveau et al., 2015
14

[Simons Foundations lllustration of the glymphatic theory, Dan Xue (Dec 10 2020)]


https://www.simonsfoundation.org/2020/12/10/the-good-kind-of-brainwashing/

How do geometrical differences between periarterial and perivenous
spaces affect their CSF flow patterns?

In vivo OCT images of blood vessels taken of the surface of a human brain (courtesy of Erik N. T. P. Bakker and colleagues).
Scale after scaling to mouse scale

With these images (and idealized versions) as representative cross-sections, compute the
CSF velocity and net flow along the length of the perivascular space given a static
pressure gradient (of 1.46 mmHg/m).

Next, compute iracer concentration (2000 kDa) transported by diffusion and convection in
the respective PVSs.



Same pressure gradient induce higher velocities and higher net flow
in periarterial than in perivenous spaces

A) B)

Vinje et al. [2021]
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Differences in geometry lead to more rapid tracer transport and
earlier arrival times in periarterial compared to perivenous spaces

Vinje et al. [2021]
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The sea will bring each man new hope,
as sleep brings dreams ...

[Unknown]




Sleep: a fundamental driver of metabolic clearance from the brain?

A

c 100 D 0.03
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aE; 75 E
2 — 0.02
8 50 s
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£ S
E 25 { + Awake 3 0.01
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L e
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Xie et al. [2013], Fultz et al. [2019], Ma et al. [2019], Bojarskaite et al. [2023], Vinje et al. [2023], Miao et al. [2024]
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"Sleep" affects CSF outflux and tracer availability at brain surface

Isoflurane

"...the spread of tracer to the PVS of the brain surface was directly related to the amount
of tracer remaining at the basal cisterns and indirectly proportional to the amount that had
reached the systemic blood."

[Ma et al, Acta Neuropathologica, 2019 (p. 159, Fig 1)] 29


https://link.springer.com/article/10.1007/s00401-018-1916-x

Increased CSF production (as when awake) limits brain tracer influx

[Hornkjel et la, CSF circulation and dispersion yield rapid clearance from intracranial compartments, Front. Bioeng. Biotechnol, 2022]

- P o 6 h 24 h

_
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A / Ventricles B { \\ { ’\
White Matter /. 1 :/. 1
Given CSF production g, find the CSF { { £
u and pin Qp | \ )
V2 — Vp =0, p I p T
v (& [N
V-u=yg,

with restricted outflux at 9Qout
uVu-n—pn=—Rou-n,

and the cin QrUQp

9%+ 6u- Ve~ V- (paDVe) =0.

22


https://www.frontiersin.org/articles/10.3389/fbioe.2022.932469/full

Increased CSF production (as when awake) limits brain tracer influx

[Hornkjel et la, CSF circulation and dispersion yield rapid clearance from intracranial compartments, Front. Bioeng. Biotechnol, 2022]
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Given CSF production g, find the CSF
velocity w and pressure p in Qp

,uV2u—Vp:0,
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with restricted outflux at 9Qeut

uVu-n—pn=—Rou-n,
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and the concentration ¢in Qr U Qp e

9%+ 6u- Ve~ V- (paDVe) =0.



https://www.frontiersin.org/articles/10.3389/fbioe.2022.932469/full
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MRI reveals human brain-wide tracer enhancement and clearance

Ringstad et al. [2017, 2018]
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Individualized finite element models of brain molecular transport and
clearance

0O

Find ¢ = ¢(z,t) for z € Q, A
t>0:

Vinje et al. [2023]

()

¢t —divDgradec =0 in Q
c=C(I) ondQ

gray U Qwhite

Continuous linear finite
elements

1 — 5M cells:
h~0.2—56mm

tr(D)

25



Transport by diffusion and dispersion underestimates molecular brain
influx or clearance

® — data & simulation (white)

Vs ¢ i \ ' ° ® — data & simulation (gray)
X g \
[ & 3 \ .
f $ N |

5
et £
) il £
- - )
A ad 3 §
/ c(z,t)dx
/ Qgray 20 30 40 50
time (hours)
/ c(z, t)dz )
Qwnite ¢t —divDgrade =10

lliff et al. [2012], Smith and Verkman [2019], Ray et al. [2019], Troyetsky et al. [2021], Ray et al. [2021], Hladky and Barrand [2022]
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Transport by diffusion and dispersion underestimates molecular brain
influx or clearance

® — data & simulation (white)
® — data & simulation (gray)

/Q c(z,t)dx

gray 20 30 20 30
time (hours) time (hours)
c(z,t)dz : )
/leme ¢ —divDgradc =0 ¢t —divaDgrade =0

lliff et al. [2012], Smith and Verkman [2019], Ray et al. [2019], Troyetsky et al. [2021], Ray et al. [2021], Hladky and Barrand [2022]
26



Is there a quantifiable (bulk) flow of interstitial fluid in brain tissue?

Convection of cerebral interstitial fluid and its role in
brain volume regulation

RG Puller

[Kwong et al (Fig 1, 2020)]

[Cserr et al (1986), Hladky and Barrand (2014), Smith et al (2017)]
[Abbott et al (2018), Hablitz and Nedergaard (2021), ...]

27


https://doi.org/10.1111/j.1749-6632.1986.tb27144.x
https://fluidsbarrierscns.biomedcentral.com/articles/10.1186/2045-8118-11-26
https://elifesciences.org/articles/27679
https://link.springer.com/article/10.1007/S00401-018-1812-4
https://www.jneurosci.org/content/41/37/7698

Is there a quantifiable (bulk) flow of interstitial fluid in brain tissue?

[Kwong et al (Fig 1, 2020)]

Convection of cerebral interstitial fluid and its role in
brain volume regulation

tlak, R G Pullen

Mechanisms of fluid movement into, through and
out of the brain: evaluation of the evidence

Stephen B Hladk

Test of the 'glymphatic' hypothesis
demonstrates diffusive and aquaporin-4-

independent solute transport in rodent brain
parenchyma

Alex ) Smith =, Xiaoming Yao, James A Dix, ByungJu Jin, Alan S

The role of brain barriers in fluid movement in
the CNS: is there a ‘glymphatic’ system?

&, Michelle E. Pizzo, G.Thome &5

The Glymphatic System: A Novel Component of

Fundamental Neurobiology

Lauren M. Hablitz and Maiken Nederga:

[Cserr et al (1986), Hladky and Barrand (2014), Smith et al (2017)]
[Abbott et al (2018), Hablitz and Nedergaard (2021), ...]

27


https://doi.org/10.1111/j.1749-6632.1986.tb27144.x
https://fluidsbarrierscns.biomedcentral.com/articles/10.1186/2045-8118-11-26
https://elifesciences.org/articles/27679
https://link.springer.com/article/10.1007/S00401-018-1812-4
https://www.jneurosci.org/content/41/37/7698

Is there a quantifiable (bulk) flow of interstitial fluid in brain tissue?

[Helen Cserr (credit: R. Cserr)]

[Kwong et al (Fig 1, 2020)]

Convection of cerebral interstitial fluid and its role in
brain volume regulation

Mechanisms of fluid movement into, through and
out of the brain: evaluation of the evidence

Stephen B Hladky Barrand !

Test of the 'glymphatic' hypothesis
demonstrates diffusive and aquaporin-4-
independent solute transport in rodent brain
parenchyma

The role of brain barriers in fluid movement in
the CNS: is there a ‘glymphatic’ system?

N.J &, Michelle E. Pizzo, Damir J horne 5

The Glymphatic System: A Novel Component of
Fundamental Neurobiology

wren M. Hablitz and Maiken N

[Cserr et al (1986), Hladky and Barrand (2014), Smith et al (2017)]
[Abbott et al (2018), Hablitz and Nedergaard (2021), ...]

With a velocity field ¢ : © — R, find
c: Q2 x[0,T] = R:

¢t +div(eo) —divDgrade=0 inQ,
c=C(I) ondoQ

A few observations C(I) on 2 available

27


https://doi.org/10.1111/j.1749-6632.1986.tb27144.x
https://fluidsbarrierscns.biomedcentral.com/articles/10.1186/2045-8118-11-26
https://elifesciences.org/articles/27679
https://link.springer.com/article/10.1007/S00401-018-1812-4
https://www.jneurosci.org/content/41/37/7698

Determining a fluid flow field from images via optical flow methods

co atts
TItQ—tl

28


https://doi.org/10.1016/0004-3702(81)90024-2
https://www.sciencedirect.com/science/article/abs/pii/S1077314200908749
https://link.springer.com/article/10.1007/s002110050002
https://ieeexplore.ieee.org/document/6502714

Determining a fluid flow field from images via optical flow methods

Given ci,c2 : Q —» R at t1,t2, « > 0, and

f=c +¢-grade,
R = || grad ¢||L2(q),

find an ¢ e H' (Q;R?Y):

ta
min/ /dexdt+a2R2,
¢ Ji, Ja

e.g. via the Euler-Lagrange equations.

[Horn and Schunck (1981), Wildes et al (2000)]

28


https://doi.org/10.1016/0004-3702(81)90024-2
https://www.sciencedirect.com/science/article/abs/pii/S1077314200908749
https://link.springer.com/article/10.1007/s002110050002
https://ieeexplore.ieee.org/document/6502714

Determining a fluid flow field from images via optical flow methods

Monge-Kantorovich mass transfer:

= |led - Pl Lty o)) x L1 (2)

[..., Benamou and Bernier (2000), Mueller et al (2013), ...]

Given ci,c2 : Q —» R at t1,t2, « > 0, and

f=c +¢-grade,
R = || grad ¢||L2(q),

find an ¢ e H' (Q;R?Y):

ta
min/ /dexdt+a2R2,
¢ Ji, Ja

e.g. via the Euler-Lagrange equations.

[Horn and Schunck (1981), Wildes et al (2000)]

28


https://doi.org/10.1016/0004-3702(81)90024-2
https://www.sciencedirect.com/science/article/abs/pii/S1077314200908749
https://link.springer.com/article/10.1007/s002110050002
https://ieeexplore.ieee.org/document/6502714

Determining a fluid flow field from images via optical flow methods

Monge-Kantorovich mass transfer:

= |led - Pl Lty o)) x L1 (2)

[..., Benamou and Bernier (2000), Mueller et al (2013), ...]

not a viable approach here!

Given ci,c2 : Q —» R at t1,t2, « > 0, and

¢ Sensitive to regularization «

f=a+¢-gradc, o Discrete derivatives of non-smooth
R = || grad ¢||L2(Q)7 data (Vihei, Ancr)
L 4 ¢ Optical flow ignores diffusion
find an ¢ € H (;RY):
to
min/ / f?dzdt + o*R?,
¢ t1 9]
co at to
T=1t—1 e.g. via the Euler-Lagrange equations.

[Horn and Schunck (1981), Wildes et al (2000)]


https://doi.org/10.1016/0004-3702(81)90024-2
https://www.sciencedirect.com/science/article/abs/pii/S1077314200908749
https://link.springer.com/article/10.1007/s002110050002
https://ieeexplore.ieee.org/document/6502714

Recovering approximations of fluid flow fields accounting for diffusion

Optimal Convection-Diffusion (OCD)

Given c1,C2 Q = Rat ti,t2, o > 0,

min ||C(t2) — CQ||%2(Q) + a2R2,
c,¢

subject to ¢(t1) = ¢, and for t € (t1,t2]:
¢t +div(ecg) —divDgradc=0. (2)
[~ Andreev et al (2015), Glowinski et al (2022)]

— 1

- T

Let ¢; = d-c (c—c1)

co at to
T:tQ—tl

[Alnzes et al (2015), Farrell et al (2013), Vinje et al (2023)]

29


https://www.sciencedirect.com/science/article/pii/S0168927415000781
https://doi.org/10.1137/21M1389778
https://doi.org/10.1101/2023.01.01.522190

Recovering approximations of fluid flow fields accounting for diffusion

— 1

- T

Let ¢; = d-c (c—c1)

co at to
T:tQ—tl

Optimal Convection-Diffusion (OCD)

Given c1,C2 Q = Rat ti,t2, o > 0,

min ||C(t2) — CQ||%2(Q) + a2R2,
c,¢

subject to ¢(t1) = c1 and for ¢ € (t1, ta]:
¢t + div(ep) — div D grad ¢ = 0.

[~ Andreev et al (2015), Glowinski et al (2022)]

Define the reduced functional
J: H(div,Q) - R

J(9) = e(d)(t2) — callfaq) + o’ R®

where ¢ — ¢(¢) by ¢ solving (2).

Solve
min J(6)

via e.g. scipy (L-BFGS), FEniCS,
Dolfin-adjoint.

[Alnzes et al (2015), Farrell et al (2013), Vinje et al (2023)]

29


https://www.sciencedirect.com/science/article/pii/S0168927415000781
https://doi.org/10.1137/21M1389778
https://doi.org/10.1101/2023.01.01.522190

OCD approach yields robust approximation of average velocities
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[Vinje et al (2023)]


https://doi.org/10.1101/2023.01.01.522190
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[Eide, Vinje et al (2021)]
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https://academic.oup.com/brain/article/144/3/863/6214917?login=false
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[Eide, Vinje et al (2021)]
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https://academic.oup.com/brain/article/144/3/863/6214917?login=false

Estimate ¢ between 24h and 48h images for each patient.
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Convective velocities are reduced (by x2) after sleep-deprivation

Estimate ¢ between 24h and 48h images for each patient.
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"An ocean in your brain: interacting brain waves key..."

[Salk News, April 22 2022]



https://www.science.org/doi/10.1126/sciadv.abl5865

-
Solute transport and Brain mechanics Cerebrospinal fluid Neurodegeneration
clearance flow and pulsatility
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SIMULA SPRINGER BRIEFS ON COMPUTING 10

Lars Magnus Valnes

Mathematical
Modeling

of the Human Brain
From Magnetic
Resonance Images
to Finite Element
Simulation

@ Springer

o Search or jump to

Pull requests Issues Marketplace Explore

B kent-and / mri2fem  pubic

<> Code (O Issues 11 Pullrequests (® Actions [ Projects [0 Wiki @ Security |~ Insights

¥ master v ¥ 1branch ©0tags Go to file Addfile -~ | Code~

Q meg-simula Update README.md acsbdeb 3 minutes ago %0 107 commits

| book adding a final compiled pdf version of the book 3 months ago
| mii2fem removed unwanted return call 17 months ago
[ README.md Update README.md 3 minutes ago
[J make_archive.sh Add script for making Zenodo archive. 17 months ago
README.md 7

Manuscript repository for Mathematical modelling of the human brain: from magnetic resonances images to finite
element simulation by K. A. Mardal, M. E. Rognes, T. B. Thompson and L. M. Valnes., Springer, 2022.

https://link.springer.com/book/10.1007/978-3-030-95136-8

[https://github.com/kent-and/mri2fem]

37


https://github.com/kent-and/mri2fem

Collaborators

Erik N. T. P. Bakker (Amsterdam UMC)
Marius Causemann (Simula)

Cécile Daversin-Catty (Simula)

Ada J. Ellingsrud (Simula)

Per Kristian Eide (Oslo University Hospital)
Ingeborg Gjerde (Simula)

Martin Hornkjel (Oslo/Simula)

Erika Lindstram (Oslo/FFl)

Kent-Andre Mardal (Oslo/Simula)

Geir Ringstad (Oslo University Hospital)
Marte Julie Seetra (Simula)

Travis B. Thompson (Oxford)

Lars Magnus Valnes (Oslo University Hospital)
Vegard Vinje (Simula)

Bastian Zapf (Oslo)

... a special thanks to Johannes Ring (Simula)

simula.. @

Acknowledgments

Cover page illustration created by Prof. Antonio
Araljo for the European Mathematical Society
Magazine.

Core message

Mathematical models can give new insight into
medicine, — and the human brain gives an
extraordinary rich setting for mathematics and
numerics!

This research is supported by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme under grant agreement 714892
(Waterscales), by the Research Council of Norway under grants #250731 (Waterscape)
and #324239 (EMIx), and by the EPSRC Centre For Doctoral Training in Industrially
Focused 706 Mathematical Modelling (EP/L015803/1).

(¢f)

38



Bibliography |

L. Bojarskaite, A. Vallet, D. M. Bjernstad, K. M. Gullestad Binder, C. Cunen, K. Heuser, M. Kuchta, K.-A. Mardal, and R. Enger. Sleep cycle-dependent vascular dynamics in male
mice and the predicted effects on perivascular cerebrospinal fluid flow and solute transport. Nature communications, 14(1):953, 2023.

M. Causemann, V. Vinje, and M. E. Rognes. Human intracranial pulsatility during the cardiac cycle: a computational modelling framework. Fluids and Barriers of the CNS, 19(1):84,
2022.

M. Croci, V. Vinje, and M. E. Rognes. Uncertainty quantification of parenchymal tracer distribution using random diffusion and convective velocity fields. Fluids and Barriers of the
CNS, 16:1-21, 2019.

C. Daversin-Catty, V. Vinje, K.-A. Mardal, and M. E. Rognes. The mechanisms behind perivascular fluid flow. Plos one, 15(12):e0244442, 2020.

N. E. Fultz, G. Bonmassar, K. Setsompop, R. A. Stickgold, B. R. Rosen, J. R. Polimeni, and L. D. Lewis. Coupled electrophysiological, hemodynamic, and cerebrospinal fluid
oscillations in human sleep. Science, 366(6465):628—-631, 2019.

S. B. Hladky and M. A. Barrand. The glymphatic hypothesis: the theory and the evidence. Fluids and Barriers of the CNS, 19(1):1-33, 2022.

J. J. liiff, M. Wang, Y. Liao, B. A. Plogg, W. Peng, G. A. Gundersen, H. Benveniste, G. E. Vates, R. Deane, S. A. Goldman, et al. A paravascular pathway facilitates csf flow through
the brain parenchyma and the clearance of interstitial solutes, including amyloid 3. Science translational medicine, 4(147):147ra111-147ra111, 2012.

Q. Ma, M. Ries, Y. Decker, A. Milller, C. Riner, A. Biicker, K. Fassbender, M. Detmar, and S. T. Proulx. Rapid lymphatic efflux limits cerebrospinal fluid flow to the brain. Acta
neuropathologica, 137:151-165, 2019.

A. Miao, T. Luo, B. Hsieh, C. J. Edge, M. Gridley, R. T. C. Wong, T. G. Constandinou, W. Wisden, and N. P. Franks. Brain clearance is reduced during sleep and anesthesia. Nature
Neuroscience, pages 1-5, 2024.

L. Ray, J. J. lliff, and J. J. Heys. Analysis of convective and diffusive transport in the brain interstitium. Fluids and Barriers of the CNS, 16:1-18, 2019.

L. A. Ray, M. Pike, M. Simon, J. J. lliff, and J. J. Heys. Quantitative analysis of macroscopic solute transport in the murine brain. Fluids and Barriers of the CNS, 18:1-19, 2021.

G. Ringstad, S. A. S. Vatnehol, and P. K. Eide. Glymphatic mri in idiopathic normal pressure hydrocephalus. Brain, 140(10):2691-2705, 2017.

G. Ringstad, L. M. Valnes, A. M. Dale, A. H. Pripp, S.-A. S. Vatnehol, K. E. Emblem, K.-A. Mardal, and P. K. Eide. Brain-wide glymphatic enhancement and clearance in humans
assessed with mri. JCI insight, 3(13), 2018.

A. J. Smith and A. S. Verkman. Going against the flow: Interstitial solute transport in brain is diffusive and aquaporin-4 independent. The Journal of physiology, 597(17):4421, 2019.

D. E. Troyetsky, J. Tithof, J. H. Thomas, and D. H. Kelley. Dispersion as a waste-clearance mechanism in flow through penetrating perivascular spaces in the brain. Scientific reports,
11(1):4595, 2021.

V. Vinje, G. Ringstad, E. K. Lindstrom, L. M. Valnes, M. E. Rognes, P. K. Eide, and K.-A. Mardal. Respiratory influence on cerebrospinal fluid flow—a computational study based on
long-term intracranial pressure measurements. Scientific reports, 9(1):9732, 2019.

V. Vinje, E. N. Bakker, and M. E. Rognes. Brain solute transport is more rapid in periarterial than perivenous spaces. Scientific reports, 11(1):16085, 2021.

V. Vinje, B. Zapf, G. Ringstad, P. K. Eide, M. E. Rognes, and K.-A. Mardal. Human brain solute transport quantified by glymphatic MRI-informed biophysics during sleep and sleep
deprivation. Fluids and Barriers of the CNS, 20(1):62, 2023.

L. Xie, H. Kang, Q. Xu, M. J. Chen, Y. Liao, M. Thiyagarajan, J. O'Donnell, D. J. Christensen, C. Nicholson, J. J. lliff, et al. Sleep drives metabolite clearance from the adult brain.
science, 342(6156):373-377, 2013.

39



	References

