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Electromechanical model

 The cardiac muscle is made of fibers

 Fiber contraction is induced by an electrical potential

 Total stress in a fiber

σ = σc + FP (ε)

“contractile” stress

strain



Electromechanical model
 Fiber scale : active constitutive law  






τ̇c = kcε̇c − (α|ε̇c| + |uc|)τc + σ0|uc|+
k̇c = −(α|ε̇c| + |uc|)kc + k0|uc|+
σc = τc + νε̇c

(J. Bestel, M. Sorine)
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Electromechanical model

 Electric command :

uc > 0 σc If              :        increases           contraction

uc < 0 kcσc If              :       and     decreases     relaxation

 Fiber scale : active constitutive law  





τ̇c = kcε̇c − (α|ε̇c| + |uc|)τc + σ0|uc|+
k̇c = −(α|ε̇c| + |uc|)kc + k0|uc|+
σc = τc + νε̇c

(J. Bestel, M. Sorine)

 Tissue scale :

(D. Chapelle, J. Sainte-Marie, Ph. Moireau)

The fiber model is coupled with a 3D nonlinear 
material
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12-lead electrocardiograms

R L

F

V1 V2
V3 V4V5

V6

12 measures of electrical potential on the body surface

limb leads
(Einthoven)

augmented leads

pre-cordial leads






I = uT(L)− uT(R)
II = uT(F )− uT(R)

III = uT(F )− uT(L)
uW = (uT(L) + uT(R) + uT(F ))/3






aVR =
3
2
(uT(R)− uW )

aVL =
3
2
(uT(L)− uW )

aVF =
3
2
(uT(F )− uW )

{
Vi = uT(Vi)− uW

i = 1, ..., 6
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Electrocardiograms (ECG)

What is the purpose of ECG numerical simulation ?

ECG is the main clinical data on the heart activity

Necessary step for the inverse problem

A kind of “weak” validation

Only a few ECGs obtained from 3D PDE:

Lines, Sundnes, Tveito (1999, 2006)

Coudière, Pierre (2005, ECG en 2D)

Pulan (1996), Pulan, Buist, Chen (2005, ECG en 2D)
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Cell scale
intracellular 

medium

extracellular 
medium

membrane

ue

Vm = ui − uetransmembrane potential

uiintra-cellular potential
extra-cellular potential

ui

ue

APD





Cm
dVm

dt
+ Iion(Vm, g) = 0

dg

dt
+ G(Vm, g) = 0

(Hodkin-Huxley 52,  Cronin 81, Pullan et al. 05, Sundes et al. 06,...)

Cm

ui

equivalent circuit

g

ue
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Cell scale
Physiological models

In F. Sachse Springer 2004 : 
28 models of cardiac cells !

Noble 60, Luo Rudy 91 & 94, ...

Up to sixty state variables : very difficult to parametrize

Phenomenological models

The purpose is to reproduce the shape of the action potential:

Typically 2 or 4 state variables

FitzHugh 61, Nagumo et al. 62, 

Fenton-Carma 98, Mitchell-Schaeffer 03, ...



Fitzhugh-Nagumo model


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Cm
dVm

dt
+ Iion(Vm, g) = 0

dg

dt
+ G(Vm, g) = 0

Iion(Vm, g) = −Vm(Vm − a)(1− Vm) + g,

G(Vm, g) = −ε(Vm − γg),

(Fitzhugh 1961)
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Mitchell-Schaeffer’s model

G(Vm, g) =






g − 1
τopen

if Vm < Vcr,

g

τclose
if Vm > Vcr,

Iion(Vm, g) = − g

τin
V 2

m(1− Vm) +
Vm

τout

0 < τin ! τout ! τopen, τclose, 0 < Vcr < 1






Cm
dVm

dt
+ Iion(Vm, g) = 0

dg

dt
+ G(Vm, g) = 0

(Mitchell, Schaeffer 2003-04)
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✓simple model: 2 variables, 5 parameters

G(Vm, g) =






g − 1
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if Vm < Vcr,
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✓“physiologic” shape of the transmembrane potential

✓Easy to calibrate the four phases. 

0 < τin ! τout ! τopen, τclose, 0 < Vcr < 1

✓Adapted from Fenton-Karma (1994). Close to van Capelle-Durer (1980)


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+ Iion(Vm, g) = 0

dg
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✓Ex: Action Potential Duration APD ≈ τclose ln
(

τout

4τin

)
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Tissue scale

RV LV

ΩH,i

ΩH,e Σ

intra-cellular mediumΩH,i

ΩH,e extra-cellular medium
Σ membrane

σi σe

Electrical balance 
div(σi∇ui) = 0, in ΩH,i

div(σe∇ue) = 0, in ΩH,e

σi∇ui · n = σe∇ue · n

σi∇ui · n = Cm
∂Vm

∂t
+ Iion(Vm, g)




 on Σ

intra and extra-cellular conductivity,

ΩH

Γepi
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Tissue scale : homogenization

ΩH = ΩH,i = ΩH,e

(Tung 78, Krassowska-Neu 93, Colli Franzone-Savaré 02)

Microscopic scale Tissue scale

ΩH,i and ΩH,e

σi∇φi · n = σe∇φe · n −div(σi∇φi) = div(σe∇φe)

Cm
∂Vm

∂t
+ Iion = −σi∇φi · n Am

(
Cm

∂Vm

∂t
+ Iion

)
= div(σi∇φi)



Tissue scale

• Bidomain equations :

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Tissue scale

• Bidomain equations :





Am

(
Cm

∂Vm

∂t
+ Iion(Vm, g)

)
− div(σi∇ui) = AmIapp, in ΩH

div(σe∇ue) = −div(σi∇ui), in ΩH

∂g

∂t
+ G(Vm, g) = 0, in ΩH

σi∇ui · n = 0, on Γepi

σe∇ue · n = 0, on Γepi

σi,e(x) = σt
i,eI + (σl

i,e − σt
i,e)a(x)⊗ a(x)

• Anisotropic conductivity

• If the anisotropy is the same in both media : 
mono-domain equations



Heart-torso coupling

{
div(σT∇uT) = 0, in ΩT

σT∇uT · nT = 0, on Γext

 Bidomain model in the heart

 Torso: 

 Coupling conditions:

{
ue = uT, on Γepi

σe∇ue · n = σT∇uT · n, on Γepi

(Krassowsca-Neu 94, Clements et al. 04, Pierre 05, Lines et. al 06,...)
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Other heart-torso coupling conditions

{
ue = uT, on Γepi

σe∇ue · n = 0, on Γepi

If we neglect the impact of the torso:

• Pericardium resistive-capacitor effect:

Rperi

Cperi

:  pericardium resistance

:  pericardium capacitance





σe∇ue · n = Cperi

∂

∂t
(uT − ue) +

1
Rperi

(uT − ue), on Γepi

σT∇uT · n = σe∇ue · n, on Γepi

(Boulakia-Fernandez-JFG-Zemzemi FIMH07)

• A possible simplification:



The heart-torso coupled problem

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(
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∂Vm

∂t
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The heart-torso coupled problem

• 2 degenerated non-linear reaction-diffusion equations 
• a system of ODE’s and a diffusion equation

•  Vm = ui − ue

• It involves:






Am

(
Cm

∂(ui − ue)
∂t

+ Iion(Vm, g)
)
− div(σi∇ui) = Iapp, in ΩH

Am

(
Cm

∂(ui − ue)
∂t

+ Iion(Vm, g)
)

+ div(σi∇ue) = Iapp, in ΩH

σi∇Vm · n = 0, on Γepi

∂g

∂t
+ G(Vm, g) = 0, in ΩH

div(σT∇uT) = 0, in ΩT
{

ue = uT, on Γepi

σe∇ue · n = σT∇uT · n, on Γepi



The heart-torso coupled problem





Am

(
Cm

∂Vm

∂t
+ Iion(Vm, g)

)
− div(σi∇Vm)− div(σi∇ue) = Iapp, in ΩH

div(σi∇Vm) + div
(
(σi + σe)∇ue

)
= 0, in ΩH

σi∇Vm · n + σi∇ue · n = 0, on Γepi

∂g

∂t
+ G(Vm, g) = 0, in ΩH

div(σT∇uT) = 0, in ΩT{
ue = uT, on Γepi

σe∇ue · n = σT∇uT · n, on Γepi

•  Vm = ui − ue
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• Isolated bidomain model (no coupling with torso): 

Colli Franzone et al. 02, Bendahmane et al. 06, Bourgault et al. 06,  Veneroni 06

Iion(Vm, g) = f1(Vm) + f2(Vm)g
G(Vm, g) = g1(Vm) + g2g

• We consider here two kind of ionic models:
• Generalized FitzHugh-Nagumo:

• Regularized Mitchell-Schaeffer

Iion(Vm, g) = − g

τin
f1(v) +

Vm

τout
, G(Vm, g) =

(
1

τclose
+

τclose − τopen

τcloseτopen
h∞(Vm)

) (
g − h∞(Vm)

)

h∞(v) =
1
2

[
1− tanh

(
v − Vcr

η

)]
, η > 0
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Iion(Vm, g) = f1(Vm) + f2(Vm)g
G(Vm, g) = g1(Vm) + g2g

• We consider here two kind of ionic models:
• Generalized FitzHugh-Nagumo:

• Regularized Mitchell-Schaeffer

Iion(Vm, g) = − g

τin
f1(v) +

Vm

τout
, G(Vm, g) =

(
1

τclose
+

τclose − τopen

τcloseτopen
h∞(Vm)

) (
g − h∞(Vm)

)

h∞(v) =
1
2

[
1− tanh

(
v − Vcr

η

)]
, η > 0

|f1(v)| ≤ c1 + c2|v|3, f1(v)v ≥ a|v|4 − b|v|2

f2(v) = p + qv, |g1(v)| ≤ c3 + c4|v|2

Theorem

Theorem: (Boulakia-Fernandez-JFG-Zemzemi 07)

f1(v)v ≥ a|v|4 − b|v|2

|g1(v)| ≤ c3 + c4|v|2

Vm ∈ L2
(
0, T ;H1(ΩH)

)
, ∂tVm ∈ L2

(
0, T ; (H1(ΩH))′), g ∈ H1

(
0, T ;L2(ΩH)), (ue, uT) ∈ L2

(
0, T ;H1(Ω)

)

Under the assumptions

the coupled heart-torso problem has a global weak solution

Uniqueness holds for the FitzHugh-Nagumo model.

{
|f1(v)| ≤ c1 + c2|v|3,
f2(v) = p + qv,
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• We consider here two kind of ionic models:
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τin
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Theorem: (Boulakia-Fernandez-JFG-Zemzemi 07)

f1(v)v ≥ a|v|4 − b|v|2

|g1(v)| ≤ c3 + c4|v|2

Vm ∈ L2
(
0, T ;H1(ΩH)

)
, ∂tVm ∈ L2

(
0, T ; (H1(ΩH))′), g ∈ H1

(
0, T ;L2(ΩH)), (ue, uT) ∈ L2

(
0, T ;H1(Ω)

)

Under the assumptions

the coupled heart-torso problem has a global weak solution

Uniqueness holds for the FitzHugh-Nagumo model.

{
|f1(v)| ≤ c1 + c2|v|3,
f2(v) = p + qv,

Theorem

Idea of the proof:
1. Faedo-Galerkin to an approximate non-degnerate system: we add

2. A priori energy estimates independent of n
3. Compactness

1
n

∂tu
n
i , − 1

n
∂tu

n
e ,
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Discretization and solution procedure

• Coupling with torso:

{
ue = uT, on Γepi

σe∇ue · n = σT∇uT · n, on Γepi

ΩT

Γepi

ΩH

Γepi
ue

σT∇uT · n

Dirichlet-to-Neumann iterations

P1•     finite elements in space

• Semi-implicit BDF2 scheme in time
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“Standard” numerical methods :

The real difficulty is modelling !

 Monodomain or bidomain ?
 Physiologic or phenomenologic ?
 Fibers ?
 Strong coupling with the torso ? 
 Cellular heterogeneity ?
 His bundle modelling ? Initialization ?

Options : 

Guideline :
 Devise “a simplest” model which provides a good ECG
 Forget anything which does not affect the ECG 



Etat de l’art

Computing the electrical activity in the heart, J. Sundnes et al., Springer, 2006, p.218

J.F. Gerbeau (INRIA) Modélisation et simulation de l’activité électrique coeur 14 décembre 2006 p. 36

(Sundnes et al., Springer 2006)

An example from the literature



1st example: Fitzhugh-Nagumo

temps (ms)

potentiel



2d example: physiological ionic model
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 Impact of heart-torso coupling 
 Impact of ionic models
 Cellular heterogeneity

Discussion : 



Impact of heart-torso uncoupling
• Full heart-torso coupling:

• Uncoupled heart-torso (isolated heart):
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Impact of heart-torso uncoupling
• Full heart-torso coupling:

• Uncoupled heart-torso (isolated heart):

Theorem
In “agreement” with Pullan et al. 05 
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• FitzHugh-Nagumo:
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• Mitchell-Schaeffer:

• FitzHugh-Nagumo:
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Cell heterogeneity



Cell heterogeneity

• We cannot consider only one cell type !

• Transmural LV cell heterogeneity 

(Drouin et al. 95,Trudel et al. 04, Sampson-Henriquez 05)

endo intra epi

ADP



Transmenbrane potential



Impact of cell heterogeneity
• Transmural left ventricle APD heterogeneity:

• Homogeneous APD:
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Our modelling choices
 Weak coupling with the torso 
 Mitchell-Schaefer phenomenological model 
 3 different cells
 Bidomain equations and fibers
 Careful initialization of the stimulation



Our modelling choices
 Weak coupling with the torso 
 Mitchell-Schaefer phenomenological model 
 3 different cells
 Bidomain equations and fibers
 Careful initialization of the stimulation



• Simulated ECG

• Real ECG
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ECG simulations
Summary

  We built a model based on PDE to get “realistic” ECG
  More complex models ?  Unable to fix the parameters...
  Less complex models ? Completely wrong ECG !

Is the model relevant ?

 Difficult to answer... at least it can model a healthy case
 One positive point : 

When we simulate a bundle branch block (left or right), 
our cardiologist can recognise it on our ECG !
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An application: 
Cardiac Resynchronisation Therapy41

 Heart dyssynchrony yields a decrease of cardiac efficiency 

 Multisite pacing (Dr. Cazeau, 1995)

 Pacing : where ? when ?



Cardiac Resynchronisation Therapy



Simulation of a reference and a pathological case

Cardiac Resynchronisation Therapy
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 Optimization of the location of the lead by genetic algorithms 

Simulation of a reference and a pathological case

 Choice of a cost function

J1 = |T ∗
ref − T ∗

path|

T ∗ = inf{t ≥ 0, Volume(Ωt) ≥ 0.95 Volume(ΩH)}
Ωt = {x ∈ ΩH , V (t, x) > Vs}

Cardiac Resynchronisation Therapy

El Alaoui, Dumas, JFG



 Healthy case :
 Pathological case :
 Optimal location:
 Arbitrary location :

J1 = 73ms
T ∗

ref = 28.5 ms

J1 = 20.75 ms

J1 = 65 ms

Optimization with one lead

El Alaoui, Dumas, JFG



 ECG :

Mechanical criteria...

J2 =
12∑

i=1
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Outline

Electrical activity of the heart

Electrocardiograms (ECG)

Cell scale

Tissue scale : the bidomain equations

ECG simulation

Applications

Cardiac Resynchronisation Therapy 

MRI, Magnetohydrodynamics  & ECG
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Artifact MHD and MRI

Permanent uniform magnetic field (typically 1.5 Teslas)

Today: 3 Teslas (human), 10 Teslas (animals)

Tomorrow : 10 Teslas (human), 17 Teslas (animals)

Philips MRI, 3 Teslas
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Magnetohydrodynamics (MHD)
ECG are used to synchronize MRI sequences (“gating”)

Several known artifacts. Among them : MHD

MHD artifact: T wave may be as large as the R wave

Modelling : A. Drochon, JFG, V. Martin
Signal processing: O. Fokapu, V. Robin
Imaging : F. Langevin

Goal of numerical simulation:

Forecast the induced current

Produce synthetic ECGs to train the signal processing algorithm
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State of the art in numerical simulation:

Kinouchi et al. (Bioelectromag., 1996), Tenforde (Prog. Biophys. Mol. 
Biol., 2005)

Simplified 2D stationnary computations : no fluid, no 
electrophysiology

Prediction 10 Teslas: 

★ 2200 mA/cm2 in aorta, 115 mA/cm2 in the heart

★ Remark : normal cardiac current 10-1000 mA/cm2

★ Flow rate diminution : 5 %

In vivo observation Chakeres et al. 2003

patients at 8 Teslas

consistant pressure increase
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MHD in blood flows

Maxwell-Ampère equation :

Quasi-static assumption :

Ohm law :

Magnetohydrodynamics equations :

∂B

∂t
+ curlE = 0

E = −∇φT

j = σ(E + u×B) = σ(−∇φT + u×B)






∂u

∂t
+ u · ∇u− 1

Re
∆u + ∇p = −Ha2

Re
∇ΦT ×B +

Ha2

Re
(u×B)×B,

div u = 0,

div
(

σ

σ0
∇ΦT

)
= div

(
σ

σ0
u×B
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Test case (benchmark)

3D computation from 
a 2D benchmark 
Tenforde, Yamaguchi, 
Kinouchi, 1996

2D value  = 0.57 mV



MHD in blood flows

Preliminary results:

JFG-Martin
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