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Sphere packing

What is the densest packing of congruent spheres in Rn?

The answer is known in dimensions 1, 2, 3, 8, and 24

Dimension 3: Kepler conjecture solved by Hales

In dimension 8 and 24 the optimal configurations are the E8 root lattice
and the Leech lattice; solved using the Cohn-Elkies linear programming
bound and Viazovska’s (quasi)modular forms
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Why should positive definiteness play a role?

To prove a packing is optimal we want a sharp density upper bound

High level idea: Instead of maximizing over sphere packings we maximize
over (pseudo) pair correlations

Pair correlations satisfy a positive definiteness property

Derive a dual of this convex maximization problem, which is a convex
minimization problem

Each feasible solution of the dual minimization problem gives a density
upper bound
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Semidefinite programming

Generalization of linear programming: min
{
cTx : Ax = b, x ≥ 0

}

For matrices A,B ∈ Rn×n we set
〈
A,B

〉
= tr(BTA)

A matrix X ∈ Rn×n is positive semidefinite if it is symmetric and
vTXv ≥ 0 for all v ∈ Rn

Cone of n× n positive semidefinite matrices: Sn+

Semidefinite program:

inf
{〈
X,C

〉
:
〈
X,Ai

〉
= bi for i = 1, . . . ,m, X ∈ Sn+

}
Can solve semidefinite programs efficiently using interior point methods
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Conic programming

Continuous linear map A between topological vector spaces E and F

Dual operator A∗ from F ∗ to E∗ defined by 〈e,A∗f〉 = 〈Ae, f〉

A cone K in E and dual cone K∗ =
{
y ∈ E∗ : 〈x, y〉 ≥ 0 for all x ∈ K

}
Vectors c ∈ E∗ and b ∈ F

Conic program:

inf
{
〈x, c〉 : Ax = b, x ∈ K

}
Linear programming: E = Rn, F = Rm, K = Rn+

Semidefinite programming: E = Sn, F = Rm, K = Sn+
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Conic programming duality

Primal problem:

p = inf
{
〈x, c〉 : Ax = b, x ∈ K

}

Dual problem:

p∗ = sup
{
〈b, y〉 : c−A∗y ∈ K∗

}

Weak duality is the claim p∗≤ p

Proof: 〈b, y〉 = 〈Ax, y〉 = 〈x,A∗y〉 = 〈x,A∗y − c〉+ 〈x, c〉 ≤ 〈x, c〉

We say strong duality holds if p∗ = p
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Examples of pair correlation bounds

- Graph theory: Lovász ϑ-number

- Spherical codes: Delsarte-Goethals-Seidel bound

- Sphere packing: Cohn-Elkies linear programming bound

- Conformal field theories: Modular bootstrap

- Analytic number theory: Montgomery’s pair correlation approach
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Lovász ϑ-number

Independent set problem

Independence number: α(G)

The Lovász ϑ-number:

ϑ(G) := max
{
〈X, J〉 : 〈X, I〉 = 1, Xu,v = 0 for u ∼ v, X ∈ SV+

}
Claim: α(G) ≤ ϑ(G)

Proof: Let C be an independent set and define X = 1
|C|1C1T

C .
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Lovász ϑ-number

The dual conic program:

ϑ(G)∗ = min
{
t ∈ R : Xu,u = t− 1 for u ∈ V,

Xu,v = −1 for distinct x 6∼ y,

X ∈ SV+
}

Strengthening by McEliece, Rodemich, and Rumsey, and Schrijver:

ϑ′(G)∗ = min
{
t ∈ R : Xu,u = t− 1 for u ∈ V,

Xu,v ≤ −1 for distinct x 6∼ y,

X ∈ SV+
}
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Examples of pair correlation bounds

- Graph theory: Lovász ϑ-number

- Spherical codes: Delsarte-Goethals-Seidel bound
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Delsarte-Goethals-Seidel bound

Spherical code: C ⊆ Sn−1 with x · y ≤ cosϕ for all distinct x, y ∈ C

Finding a largest spherical ϕ-code is equivalent to finding a densest
spherical cap packing by caps of angle ϕ/2

This is an independent set problem in the graph with vertex set Sn−1

where two distinct vertices x and y are adjacent if x · y > cosϕ
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Delsarte-Goethals-Seidel bound

The ϑ′-number for this graph can be written as

inf{t ∈ R : K(x, x) ≤ t− 1 for x ∈ V,
K(x, y) ≤ −1 for distinct x 6∼ y,
K : V × V → R continuous, positive kernel}

As observer by Bachoc, Nebe, Oliveira, and Vallentin this reduces to the
Delsarte-Goethals-Seidel bound

inf{f(1) : f(t) =

∞∑
n=0

fnQn(t),

f(t) ≤ 0 for t ∈ [−1, cos θ]

f0 = 1, f1, f2, . . . ≥ 0,
∑
n

fn <∞},

where the Q0, Q1, . . . are the ultraspherical polynomials for Sn−1
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Delsarte-Goethals-Seidel bound

Conjecture: For every dimension n and angle ϕ the above infimum is
attained for some finite trunctation of the Fourier series

After truncating we can solve the Delsarte-Goethals-Seidel bound using
semidedefinite programming

How do we find an exact optimal solution?
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Exact bounds from semidefinite programming
Semidefinite program:

inf
{〈
X,C

〉
:
〈
X,Ai

〉
= bi for i = 1, . . . ,m, X ∈ Sn+

}

Instead solve the feasibility problem{
X :

〈
X,C

〉
= B,

〈
X,Ai

〉
= bi for i = 1, . . . ,m, X ∈ Sn+

}
The numerical solver will give a solution X that lies approximately in the
relative interior of the feasible set

If the dimension of the affine space is equal to the dimension of the
feasible set, then we simply project X into the affine space. The
projected matrix will still be positive semidefinite

If not, then we use the LLL algorithm to find constraints of the form
Xv = 0 for v ∈ ker(X∗) and add them to the feasibility problem

Implementation supports rounding to rationals and quadratic fields

M. Dostert, D. de Laat, P. Moustrou, Exact semidefinite programming bounds for packing
problems, Preprint (2020)
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Examples of pair correlation bounds

- Graph theory: Lovász ϑ-number
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- Sphere packing: Cohn-Elkies linear programming bound

- Conformal field theories: Modular bootstrap

- Analytic number theory: Montgomery’s pair correlation approach



The Cohn-Elkies linear programming bound

Let S(Rn) be the space of Schwartz functions

Fourier transform: f̂(x) =
∫
Rn f(y)e−2πi〈x,y〉dy

Cohn-Elkies bound

inf
{
f(0) : f ∈ S(Rn), f̂(0) = 1, f̂ ≥ 0, f(x) ≤ 0 for ‖x‖ ≥ 1

}

This gives an upper bound on the sphere packing center density using
spheres of radius 1/2

Proof for lattice sphere packings: If f is feasible and Λ is a lattice with
minimal vector length 1, then

f(0) ≥
∑
x∈Λ

f(x) =
1

|Λ|
∑
x∈Λ∗

f̂(x) ≥ 1

|Λ|
f̂(1) =

1

|Λ|
.
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The Cohn-Elkies linear programming bound
This bound is sharp for n = 1, n = 2 (conjecturally), n = 8, and n = 24

Can optimize numerically over functions f(x) = p(‖x‖)e−π‖x‖2 , where p
is a polynomial

Optimal solution cannot be of this form since by complementary
slackness it needs to have infinitely many roots

In 2016 Viazovska defines optimal function f in 8 dimensions by the
analytic continuation of the function

sin2
(
π‖x‖2

) ∫ ∞
0

(g+(t) + g−(t))e−π‖x‖
2t dt,

defined on (1,∞), where g± are (quasi)modular forms such that

f̂(x) = sin2
(
π‖x‖2

) ∫ ∞
0

(g+(t)− g−(t))e−π‖x‖
2t dt

Define g+ and g− such that g+ + g− < 0 and g+ − g− > 0 on (0,∞)
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Asymptotic sphere packing lower bound

Consider a sphere packing in Rn in which there is no room to add
another sphere

Doubling the radii gives a covering of Rn

Since doubling the radius of a sphere multiplies the volume by 2n the
original sphere packing must have density at least 2−n

Up to subexponential factors this is still the best known asymptotic lower
bound
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Asymptotic sphere packing upper bounds

The Kabatianskii-Levenshtein bound:

∆Rn ≤ 2−(0.59905576+o(1))n

Original derivation uses the Delsarte-Goethals-Seidel bound for spherical
codes and a geometric argument

In 2014 Cohn and Zhao show we can interpret this bound in terms of
feasible solutions to the Cohn-Elkies bound
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Asymptotic sphere packing upper bounds

Kabatyanskii-Levenshtein
Linear programming bound
Record sphere packing
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N. Afkhami-Jeddi, H. Cohn, T. Hartman, D. de Laat and A. Tajdini, High-dimensional sphere
packing and the modular bootstrap, Journal of High Energy Physics (2020)



Asymptotic sphere packing upper bounds

Conjecture
The Cohn-Elkies bound proves

∆Rn ≤ 2−(λ+o(1))d

for some 0.604 < λ < 0.605 when the auxiliary function is fully optimized

Conjecture
The constant λ is given by 2−λ =

√
e/(2π).

N. Afkhami-Jeddi, H. Cohn, T. Hartman, D. de Laat and A. Tajdini, High-dimensional sphere
packing and the modular bootstrap, Journal of High Energy Physics (2020)
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Pair correlation bounds

- Graph theory: Lovász ϑ-number

- Spherical codes: Delsarte-Goethals-Seidel bound

- Sphere packing: Cohn-Elkies linear programming bound

- Conformal field theories: Modular bootstrap

- Analytic number theory: Montgomery’s pair correlation approach



A modular bootstrap problem
Partition functions of certain conformal field theories can be written as

Z(τ) = χ0(τ) +
∑
∆>0

d∆χ∆(τ),

where

χ∆(τ) =
e2πiτ∆

η(τ)2c
and Z(−1/τ) = Z(τ)

and where η is the Dedekind eta function

The values of ∆ > 0 appearing in the sum are called scaling dimensions,
and the smallest of these is the spectral gap

How large can the the spectral gap be?

The parameter here is c and the variables are

0 < ∆1 < ∆2 < . . . and d∆k
∈ N1 for k ≥ 1
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Upper bounds on the spectral gap

Define Φ∆(τ) = χ∆(τ)− χ∆(−1/τ)

Crossing equation: Φ0(τ) +
∑

∆>0 d∆Φ∆(τ) = 0

Given ∆gap > 0, let ω be a linear functional with

ω(Φ0) > 0 and ω(Φ∆) ≥ 0 whenever ∆ ≥ ∆gap

Applying ω to the crossing equation gives

ω(Φ0) +
∑
∆>0

d∆ω(Φ∆) = 0,

Such ω proves the spectral gap is at most ∆gap

In 2019 Hartman, Mazáč, and Rastelli show optimizing over ω is exactly
the Cohn-Elkies bound in dimension 2c by formulating it as an
uncertainty problem (up to a widely believed conjecture)
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Examples of pair correlation bounds

- Graph theory: Lovász ϑ-number

- Spherical codes: Delsarte-Goethals-Seidel bound

- Sphere packing: Cohn-Elkies linear programming bound

- Conformal field theories: Modular bootstrap

- Analytic number theory: Montgomery’s pair correlation
approach



Simple zeros of the zeta function

The Riemann zeta function is the analytic continuation to C \ {1} of

ζ(s) =

∞∑
n=1

1

ns
for Re(s) > 1

All nontrivial zeros lie in the open strip 0 < Re(ρ) < 1 and are
conjectured (RH) to be of the form ρ = 1

2 + iγ

Simplicity conjecture: The zeros of ζ are simple

Definition: N(T ) is the number of zeros ρ = β + iγ
with 0 < β < 1 and 0 < γ ≤ T counting multiplicities

Notation: N(T ) =
∑

0<γ≤T 1

N∗(T ) =
∑

0<γ≤T mρ, where mρ is the multiplicity of ρ

Simplicity conjecture implies N∗(T ) = N(T )

Goal: Find small c ≥ 1 for which we can prove (under RH or GRH):

N∗(T ) ≤ (c+ o(1))N(T )
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Simple zeros of the zeta function

Under RH we have

N∗(T ) ≤ (c+ o(1))N(T ),

with

c = inf
{
f(0)+2

∫ 1

0

f(x)x dx :

f ∈ S(R), f̂(0) = 1, f̂ ≥ 0, f(x) ≤ 0 for |x| ≥ 1
}
,

This is a small improvement on existing techniques by Montgomery,
Cheer, and Goldston. Comparable to replacing ϑ by ϑ′!

A. Chirre and F. Gonçalves, D. de Laat, Pair correlation estimates for the zeros of the
zeta-function via semidefinite programming, Advances in Mathematics (2020)



Simple zeros of the zeta function

Under RH we have

N∗(T ) ≤ (c+ o(1))N(T ),

with

c = inf
{
f(0)+2

∫ 1

0

f(x)x dx :

f ∈ S(R), f̂(0) = 1, f̂ ≥ 0, f(x) ≤ 0 for |x| ≥ 1
}
,

This is a small improvement on existing techniques by Montgomery,
Cheer, and Goldston. Comparable to replacing ϑ by ϑ′!
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Thank you!


